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Fracture patterns and the energy release rate of
phosphorene†
Ning Liu,a Jiawang Hong,b,c Ramana Pidaparti*a and Xianqiao Wang*a
Phosphorene, also known as monolayer black phosphorus, has been enjoying popularity in electronic
devices due to its superior electrical properties. However, it’s relatively low Young’s modulus, low fracture
strength and susceptibility to structural failure have limited its application in mechanical devices. Therefore, in order to design more mechanically reliable devices that utilize phosphorene, it is necessary to
explore the fracture patterns and energy release rate of phosphorene. In this study, molecular dynamics
simulations are performed to investigate phosphorene’s fracture mechanism. The results indicate that fracture under uniaxial tension along the armchair direction is attributed to a break in the interlayer bond
angles, while failure in the zigzag direction is triggered by the break in both intra-layer angles and bonds.
Furthermore, we developed a modiﬁed Griﬃth criterion to analyze the energy release rate of phosphorene
and its dependence on the strain rates and orientations of cracks. Simulation results indicate that phosphorene’s energy release rate remains almost unchanged in the armchair direction while it ﬂuctuates intensively
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in the zigzag direction. Additionally, the strain rate was found to play a negligible role in the energy release
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rate. The geometrical factor α in the Griﬃth’s criterion is almost constant when the crack orientation is
smaller than 45 degree, regardless of the crack orientation and loading direction. Overall, these ﬁndings
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provide helpful insights into the mechanical properties and failure behavior of phosphorene.

Introduction
In recent years, great eﬀorts have been made to discover new
two-dimensional layered materials since the successful fabrication of graphene,1,2 including silicene,3 hexagonal boron
nitride (h-BN)4,5 and transition metal dichalcogenide.6 Phosphorene, a counterpart of bulk black phosphorus as a novel
2D material, has recently been another hot topic in materials
science. Through mechanical methods, phosphorene with a
few layers7 or even a single layer8 has already been exfoliated.
Due to its unique physical properties, such as a finite and
direct band gap9 and high free carrier mobility,10 phosphorene
has been explored as a new two-dimensional material for
applications in nanoelectronic devices. Moreover, with a puckered structure, phosphorene exhibits various unique mechanical properties, such as negative Poisson’s ratio11 and
anisotropic ripple deformation.12 Despite the outstanding
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physical properties, phosphorene is easily aﬀected by the
environment.13–16 Kou et al. systematically studied the absorption of multiple kinds of gas molecules, including CO, CO2,
NH3, NO and NO2, by first-principles calculations, the results
of which reveal that phosphorene is more sensitive to the
nitrogen-based molecules, such as NO and NO2.14 In terms of
the applications of phosphorene, a key issue related to the fracture patterns and relevant fracture strength of phosphorene
has to be solved in order to clearly understand its reliability in
the devices. Despite advances that have been made in studying
phosphorene’s mechanical properties by DFT, the fracture patterns and energy release rate of phosphorene remain largely
unexplored. Compared with DFT, molecular dynamics (MD) is
an ideal method for studying the fracture properties of phosphorene due to its high computational eﬃciency and the relatively large simulation system. A Stillinger–Weber (SW)
potential has been recently proposed by Jiang to accurately
predict the mechanical properties of phosphorene. He found
that phosphorene has high anisotropy in fracture strain, fracture stress and Young’s modulus.17 These findings have also
been confirmed by other investigations adopting this potential.18,19 However, the mechanism of high anisotropy still
remains unclear. Therefore, in this study, molecular simulations are performed to understand the mechanism underlying diﬀerent mechanical properties along the armchair and
zigzag directions, including fracture patterns.
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The validity and the feasibility of linking the atomistic
information of a material of interest from molecular dynamics
simulations to its macroscopic material properties via conventional continuum theory is always an interesting topic,
especially for novel 2D materials.20–22 Previous studies have
explored the usability of continuum theory for analyzing the
mechanical and fracture behaviors of graphene. For example,
the breakdown of continuum fracture mechanics, energy
release rate and Griﬃth criterion, has been observed in graphene sheets by molecular dynamics simulations when the
crack length is below 2–3 nm.23 Furthermore, a new analytic
theory, named discrete fracture mechanics (DFM) has emerged
for studying the energy release rate, which shows its validity at
both the nanoscale and macroscale. The applicability of the
classic Griﬃth theory of brittle fracture has been verified by
measuring the fracture toughness of graphene through in situ
tensile testing as the initial crack length ranged from 33 nm to
1256 nm.24 Lopez-Polin et al. conducted a systematic study on
the dependence of the elastic modulus and the strength of graphene on the density of the defects.25 A fracture mechanics
framework based on the Griﬃth criterion was proposed, which
showed that the fracture strength is proportional to the inverse
of the square root of the vacancy percentage. Tsai et al. characterized the energy release rate of a graphene sheet adopting
both molecular dynamics simulations and continuum finite
element analysis, and proved that the energy release rate is an
appropriate parameter in predicting the fracture behaviors of
graphene sheets.26 A recent investigation suggested that the
Griﬃth criterion, a fundamental theory for determining the
fracture toughness, is not valid any more in graphene with
cracks shorter than 10 nm.27 Consequently, a modified criterion has been proposed to accurately describe the fracture
patterns of models with cracks shorter than 10 nm in graphene. However, the applicability of the Griﬃth fracture criterion to phosphorene remains unclear. This study will focus
on the investigation of the fracture patterns and energy release
rate of phosphorene using molecular dynamics simulations
and propose a modified Griﬃth criterion based on the results
of fracture mechanics to study the geometrical factors.

Computational methodology and
models
Fig. 1 shows the geometrical configuration for phosphorene,
which has already been identified and verified by experiments.
Fig. 1(a) is a perspective view, indicating that unlike other 2D
materials such as graphene, phosphorene has an in-plane puckered structure. Phosphorus atoms are distributed on the top and
bottom layers respectively, as shown in Fig. 1(b). The unit cell of
phosphorene is composed of four atoms as shown in Fig. 1(d),
in which !
a1 and !
a2 are basis vectors along the armchair and
zigzag directions, respectively. According to Jiang et al.,17 the
a2 are 4.36 and 3.31 Å (10−10 m), respectively.
lengths of !
a1 and !
In this study, molecular dynamics simulations are performed
with an open source package LAMMPS based on the Stillinger–
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Weber (SW) potential developed by Jiang et al.17 The SW potential was initially developed for bulk silicon systems,28 but has
been successfully extended to many other materials such as
molybdenum disulphide (MoS2)29 and wurtzite GaN.30 While
many diﬀerent kinds of force fields exist for 2D materials and
structures, for example AIREBO31 and ReaxFF32 for graphene,
Tersoﬀ33 for silicene etc., to the best of our knowledge for phosphorene the Stillinger–Weber potential form is the only type of
interatomic potential now available in the literature.17,34,35 It
consists of two terms, a two-body term representing the bond
stretching interaction and a three-body term representing the
bond bending interaction, and is expressed as follows.
Φ¼

X
i,j

V2 þ

X

V3



1
p
q
V2 ¼ εA Bσ p rij  σ q rij e½σðrij aσÞ 
V3 ¼ ελe½γσðrij aσÞ

1

ð1Þ

i,j,k

þγσðrjk aσÞ1 

ðcosθijk  cosθ0 Þ2

ð2Þ
ð3Þ

where V2 and V3 are the two-body term and three body term
respectively; rij is the distance between atom i and j; θijk is the
angle between bond ij and bond jk;θ0 is the equilibrium angle
between the two bonds; all the other parameters such as A, B
are the coeﬃcients required to fit when developing the
potential.
Due to the geometrical configuration of phosphorene as
shown in Fig. 1(f ), two types of atoms are defined in the SW
potential. The red atoms in the figure represent the top layer
atoms while the blue atoms represent the bottom layer atoms.
Hence there are two types of bonds, namely interlayer bonds
and intralayer bonds. Bonds connecting atoms in the same
layer are called intralayer bonds, while those connecting atoms
in diﬀerent layers are called interlayer bonds. However, the
parameters are the same for these two types of bonds as
pointed out by Jiang et al.17 With respect to the three-body
term in the SW potential, two types of bond angles are
defined. A bond angle is categorized as an intralayer angle if
all bonds involved are interlayer bonds, while the bond angle
established by bonds of diﬀerent types is an interlayer bond
angle. The balance values of intralayer and interlayer angles
are 96.359° and 102.09°, respectively. All the parameters for
the SW potential are shown in Table 1.17
A rectangle with 26.2 × 19.9 nm2 is considered as the initial
model of phosphorene in MD simulations (there are 14 400
atoms totally in a pristine model). A predefined crack is introduced by deleting atoms along a certain direction. Crack orientation θ is defined as the angle between the crack and the
direction perpendicular to the external loading as shown in
Fig. 1(e). In this study, θ is considered as being 0°, 15°, 30°,
45°, 60° or 75°, while the crack length is chosen as 2, 3, 4, 5 or
6 nm. Period boundary conditions are adopted along the inplane direction while a free boundary is used in the out-ofplane direction. Before tensile tests are performed, an energy
minimization process using the conjugated gradient method
is performed. Then in order to stabilize the temperature and
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Fig. 1 Geometrical conﬁguration of phosphorene: (a) perspective view. Red atoms indicate the atoms on the top layer while blue ones indicate the
atoms from the bottom group. (b) Side view from the zigzag direction. (c) Front view from the armchair direction. (d) Top view !
a1 and !
a2 indicate
the lattice basis vectors along the armchair and zigzag direction respectively. (e) Crack orientation of phosphorene samples (black arrows represent
the loading direction; the white line represents a pre-crack). (f ) Diﬀerent kinds of angles of phosphorene.

Table 1 Parameters of the SW potential “tol” represents a controllable parameter of the SW potential form in LAMMPS. Pt represents atoms located
on the top layer while Pb represents atoms from the bottom layer

Pt–Pt–Pt
Pb–Pb–Pb
Pt–Pt–Pb
Pb–Pb–Pt

ε (eV)

σ (A)

a

λ

γ

Cos θ0

A

B

p

q

tol

1.000
1.000
1.000
1.000

0.809
0.809
0.809
0.809

3.449
3.449
3.449
3.449

35.701
35.701
32.006
32.006

1.000
1.000
1.000
1.000

−0.111
−0.111
−0.210
−0.210

3.626
3.626
0.000
0.000

33.371
33.371
33.371
33.371

4
4
4
4

0
0
0
0

0.0
0.0
0.0
0.0

pressure of the system, NPT and NVT ensembles are run for
40 000 steps each, alternatively for 4 rounds. The time step in
the simulation is set as 1 fs. The whole system is kept at 1 K
during these periods. After a long period of equilibration, the
NPT ensemble is adopted to do the tensile test with the same
time step and environmental temperature. During the tensile
test, the model is elongated by 0.001 strains every 10 000 steps
along the loading direction.

Results and discussion
Failure mechanism
Due to its unique electrical properties, phosphorene has
shown a great potential for use in nanoelectronic devices.
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However, a key issue related to the fracture patterns and relevant fracture toughness of phosphorene has to be solved in
order to clearly understand its reliability in these devices.
Therefore, to understand its fracture mechanism, a series of
tensile tests are performed in both the armchair and zigzag
directions. First, pristine models are used in the uniaxial
tension along both the armchair and zigzag directions, with
the stress–strain curves shown in Fig. 2.
Young’s modulus of the phosphorene is obtained by linear
fitting of the stress versus strain when the strain is below 0.02.
The magnitudes of Young’s modulus for both the armchair
and zigzag directions are 24.28 GPa and 103.83 GPa respectively, and are in good agreement with the 20.9 GPa and
90.5 GPa obtained from a recent investigation.18 Moreover, the
fracture stress for both armchair and zigzag directions is
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Stress–strain curve of uniaxial tensile tests on pristine samples.

3.94 GPa and 7.95 GPa while the fracture strain is 0.295 and
0.161 for the armchair and zigzag directions respectively. Note
that our results about Young’s modulus are at least 10%
higher than that in the literature,18 which is caused by the
temperature diﬀerence. The Young’s moduli in our manuscript
are calculated from the uniaxial tensile tests when the temperature is 1 K, while the counterpart results from Sha et al.18
are simulated under 300 K. The dependence of mechanical
properties on temperature is investigated and the detailed
information can be found in Fig. S1 and Table S1 (see the
ESI†). The results indicate that as the temperature increases,
both Young’s modulus and fracture stress decreases.
To determine the mechanism of the diﬀerence in critical
fracture strain under uniaxial tensile tests along diﬀerent
directions, the maximum bond length is plotted as a function
of strain for both the armchair and zigzag directions in Fig. 3
(a). For the armchair direction tension, the maximum length
of interlayer bonds undergoes larger changes than that of
intralayer bonds, while for the zigzag direction tension the
maximum length of intralayer bonds experiences larger
changes. Therefore, interlayer bonds are the dominating
bonds for the armchair direction tension while intralayer
bonds are the dominating bonds under the zigzag direction
tension. These dominating bonds under the zigzag direction
tension increase much faster than those under the armchair
direction, leading to a smaller fracture strain under the zigzag
direction tension. Note that as the maximum length of the
dominating bonds arrives at a critical value, 0.2362 nm for
pristine models, these dominating bonds with the maximum
length undergo a sudden length change accompanied by the
nucleation of a crack. Fig. 3(b) shows the average change of
potential energy increase for both the armchair and zigzag
directions. As we can see, under the armchair direction
tension, the average energy change of bonds and angles
increases slower than that under the zigzag direction tension.
Therefore, a slower change of bond energy and angle energy
makes the armchair direction of phosphorene more flexible
than the zigzag direction under uniaxial tension, namely a
lower Young’s modulus. Fig. 3(b) also indicated that the
average total energy change along the zigzag direction is
slightly higher than that along the armchair direction while

This journal is © The Royal Society of Chemistry 2016

Fig. 3 (a) Maximum bond length change, (b) average energy change
under uniaxial tension along both the armchair and zigzag directions.

the fracture strain along the zigzag direction is much less than
that along the armchair direction, leading to a higher fracture
stress along the zigzag direction.
Note that there are a lot of fluctuations in the stress–strain
curve during the armchair direction tension. To explain why
this phenomenon occurs during uniaxial tension along the
armchair direction, the average angle change and bond length
change are plotted as a function of strain in Fig. 4. From the
figure, we can notice that the average change of interlayer
angles is much larger than that of intralayer angles. Moreover,
fluctuations are observed in the curve of the intralayer angle
change while there are no obvious fluctuations in the curve of
the interlayer angle change. Fig. 4 also shows that at the beginning of the deformation, the average length change of inter-

Fig. 4 Average angle change and bond length change under uniaxial
tension along the armchair direction.
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layer bonds is close to that of intralayer ones while this trend
breaks down after the strain becomes larger than 0.05. After
the critical strain 0.05, the average length of the interlayer
bond changes faster than that of the intralayer bond. Again
fluctuations are observed on the curve of the average length
change of intralayer bonds. Based on the results presented in
Fig. 4, a conclusion can be drawn that the fluctuations of the
stress–strain curve in armchair tension are caused by the
vibration of intralayer angles and bonds.
Fig. 5 shows the average energy change under uniaxial
tension along the armchair direction of a phosphorene model
with a 2 nm crack. It can be seen from the figure that the
increase in potential energy is mainly caused by the increase
in interlayer angle energy, which means that the fracture of the
phosphorene sheet is caused by a break in the interlayer angle.
The break in the interlayer angles is caused by the break in the
bonds involved in the group while the bond type is unknown
since there are two types of bonds involved. Note that there is
a permanent change in the total energy compared to the
initial state, which is almost the same as the interlayer bond
energy change. The increased energy is the surface energy
created by the fracture. Therefore, it is the break in the interlayer bonds that caused the break in the interlayer angles,
resulting in the propagation of cracks. This is also confirmed
by the snapshots of crack progress as shown in Fig. 6.
Fig. 7 shows the average energy change under uniaxial
tension along the zigzag direction of a phosphorene model
with a 2 nm crack. The average energy increase in intralayer
bonds is comparable to that of intralayer angles, while the
average energy change in interlayer bonds and angles is negligible. Therefore, the fracture under tension along the zigzag
direction is caused by the break in the intralayer bonds and
angles. Fig. 8 shows the snapshots of the fracture process,
which indicate that the crack path is perpendicular to the
loading direction without any kinks. During the propagation
of cracks, the interlayer bonds and angles are broken, which
reconfirms the above finding.

Nanoscale

Fig. 6 Fracture path under the uniaxial tensile test along the armchair
direction: (a) detailed atomic information around the crack tip before
crack propagation, zoom-in picture of the black square (b) before
propagation (three bonds marked are interlayer bonds) and (c) after
crack propagation.

Fig. 7 Average energy change during the uniaxial tensile test along the
zigzag direction.

Energy release rate
The energy release rate is a widely used parameter to measure
fracture strength in linear elastic fracture mechanics, which is
typically taken for granted as a material constant. However, for
materials at the nanoscale like graphene, the energy release
rate has been demonstrated to no longer be a constant,
depending on the crack orientation, the configuration of the
crack tip, and other structural parameters.27 For phosphorene,
the energy release rate remains largely unexplored. Therefore,
a series of simulations are performed to calculate the energy
release rate of phosphorene with cracks along diﬀerent orientations. The methodology proposed by Zhang et al.36 is
adopted as follows to calculate the energy release rate Gc

Fig. 5 Average energy change during the uniaxial tensile test along the
armchair direction.
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Gc ¼ 

dW
Wa  WaþΔa
¼
2t  da
2t  Δa

ð4Þ
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Fig. 10 Energy release rate as a function of crack orientation for uniaxial tension along both the armchair and zigzag directions.

Fig. 8 Fracture path under the uniaxial tensile test along the zigzag
direction: (a) detailed atomic information around the crack tip before
crack propagation, zoom-in picture of the black square (b) before
propagation (three bonds marked are intralayer bonds) and (c) after
crack propagation.

where Wa and Wa+Δa indicate the total external work required
for models with initial crack lengths a and a + Δa to drive the
propagation of the crack respectively, while t is the thickness
of the model. Here an interlayer separation distance of
0.524 nm, is defined as the eﬀective thickness t. The external
work is calculated from the stress–strain curves as shown in
Fig. 9. For each crack orientation θ, 5 samples with diﬀerent
initial crack lengths are used to obtain an average value of the
energy release rate. Note that as the crack length changes,
Young’s modulus changes accordingly. This is because the
pre-existing cracks weaken the phosphorene layer, making it
softer than pristine models. As the length of the crack
becomes larger, the softening eﬀect becomes more obvious.
Fig. 10 shows the energy release rate as a function of crack
orientation θ for both the armchair and zigzag directions. It is
important to note that the energy release rate of phosphorene

Fig. 9 Stress–strain curves of phosphorene with various initial crack
lengths under tension along both the armchair and zigzag directions (a)
armchair direction (crack orientation θ is 0°) (b) zigzag direction(crack
orientation θ is 0°).

This journal is © The Royal Society of Chemistry 2016

is very comparable to that of graphene.27 Interestingly, energy
release rates for specimens with diﬀerent crack orientations
are very close to each other in the armchair direction, while in
the zigzag direction, energy release rates vary largely with the
crack angle, ranging from 5.66 to 16.66 J m−2. The obtained
data points are fitted into a linear form. The slope of the armchair direction is 0.0261 J (m2 degree)−1, which is smaller than
the value of the slope in the zigzag direction, 0.1258 J (m2
degree)−1. The high anisotropy with respect to the energy
release rate results from the puckered structure in the armchair direction.
The proceeding simulations are all performed at a constant
strain rate 1 × 10−3 ps−1. An intriguing question as to whether
the strain rate plays a vital role in the energy release rate of
phosphorene remains unanswered. To understand the
relationship between these two parameters, computational
tests are carried out for phosphorene with the initial cracks
perpendicular to the loading direction under diﬀerent strain
rates, ranging from 5 × 10−5 to 1 × 10−3 ps−1. Both the zigzag
and armchair directions are selected as loading directions.
The energy release rate is shown as a function of the strain
rate in Fig. 11, where the red line and blue line represent
fitting results of the energy release rate for armchair and
zigzag directions respectively while the blue dots and red dots

Fig. 11 Energy release rate as a function of strain rate for uniaxial
tension along both the armchair and zigzag directions.
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represent the original data. From Fig. 11, we are able to infer
that strain rates probably play a negligible role in determining
the energy release rate for phosphorene for both the zigzag
and armchair directions. This finding is in accordance with a
recent investigation on the fracture properties of graphene.
According to the study,37 when the temperature is 300 K,
despite the great variation of the strain rate, from 5 × 10−5 to
5 × 10−3 ps−1, the increase in fracture strength is only 4% for
single crystalline graphene. In classical fracture mechanics,
the fracture process must be treated as a dynamic one, where
the following influences cannot be neglected: rate-dependent
material behavior, inertial forces, and reflected stress waves.38
However, according to our previous findings, phosphorene is
not the kind of material with rate-dependent behaviors. Moreover, in our case, the atoms are mapped to new positions every
N steps, without incorporating new velocities and accelerations. On the other hand, the temperature is maintained at
1 kelvin, so the random motions of the atoms are relatively
moderate. Therefore, the influence of inertial forces and
reflected stress waves can be neglected. In summary, the cases
simulated in this paper can be viewed as quasi-static fracture.
Modified Griﬃth criterion
Griﬃth criterion is another widely used concept to measure
fracture strength in linear elastic fracture mechanics. Since
this theory is developed under the assumption of macroscale
systems, its applicability in nanoscale materials remains
uncertain. For 2D materials like graphene, fracture behavior
has been explored and it has been concluded that the breakdown of the Griﬃth criterion occurs when the crack length is
below 10 nm.27 Our simulations are all performed in samples
with predefined cracks less than 10 nm in length. Following
the finding with graphene, we propose here a new fracture criterion for phosphorene with an eﬀective geometrical correction α as follows,
rﬃﬃﬃﬃﬃﬃﬃﬃ
1
EGc
σf ¼ α
ð5Þ
FðΦÞ πa
where σf is the fracture stress, Gc is the energy release rate and
E is Young’s modulus. According to Yin et al.,27 F(Φ) is a geometrical factor given by
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 
πΦ
Wid
2
4
FðΦÞ ¼ 1  0:025Φ þ 0:06Φ sec
; and Φ ¼
ð6Þ
2
2a
where Wid is the width of the stripe with a central crack of
length 2a. Geometrical correction α is 3 for graphene sheets
with the initial cracks shorter than 10 nm. However, the applicability of this criterion in phosphorene remains unproven yet.
To verify this criterion, the critical stress is fitted to eqn (5).
1
pﬃﬃﬃ is not proNote that the relationship between σf and
FðΦÞ a
portional but linear, meaning there should be a constant
added to the end of the right side of eqn (5).
Fig. 12 shows fracture stresses versus crack length when the
crack orientation is 30 degree for both the armchair and zigzag

5734 | Nanoscale, 2016, 8, 5728–5736

Fig. 12 Fracture stress versus crack length when crack orientation is
30 degree (a) armchair direction (b) zigzag direction (dots represent
original data while curves represent ﬁtted results according to eqn (5)).

directions, where black dots represent the original data and
blue lines represent the fitting results. Detailed information
about the Griﬃth criterion for all other crack orientations can
be found in the ESI.† Furthermore, the geometrical factor α is
obtained for diﬀerent crack orientations for both the armchair
and zigzag unidirectional tensions, which is summarized in
Table 2. In the current investigation, the crack orientation
varies from 0 to 75 degree, while in the investigation about graphene,27 the crack orientation ranges from 0 to 30 degree.
When the degree of crack orientation is bigger than 30 degree,
the variance of the geometrical factor for graphene is still
unknown. For phosphorene, when the degree of the crack

Table 2 Geometrical factor α for diﬀerent crack orientations θ under
both armchair and zigzag unidirectional tensions (θ ≤ 45°)

Crack
orientation

0

15

30

45

Average

Standard
deviation

Armchair
Zigzag

0.2282
0.2354

0.2239
0.2179

0.2363
0.2221

0.2214
0.2119

0.227
0.222

0.0057
0.0086
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orientation is smaller than 45, the geometrical factor fluctuates around 0.227 and 0.222 for both the armchair and zigzag
directions respectively as shown in Table 2. We think that the
geometrical factor for phosphorene follows the pattern of graphene as a constant. However, when the crack orientation is
bigger than 45 degree, 60 and 75 degree in the present paper,
the fracture becomes less sensitive to the crack length. Therefore, the geometrical factor becomes smaller as the degree of
crack orientation becomes bigger in this regime. The detailed
information for all crack orientations including 60 and 75
degree can be found in Fig. S2, S3 and Table S2 in the ESI.†

Concluding remarks
In this study, we performed a series of molecular dynamics
simulations to study the fracture patterns, energy release rate,
and the applicability of the Griﬃth criterion to phosphorene.
The results revealed that phosphorene is brittle and anisotropic in fracture strain, Young’s modulus and fracture
strength. The fracture strain is bigger in the armchair direction
than in the zigzag direction because of the slower bond length
change rate under tension, which is caused by its unique puckered structure. Compared with the zigzag direction, the
smaller Young’s modulus in the armchair direction is caused
by the slower change rate in the bond energy and angle energy.
For the armchair direction, the fracture strength is much
weaker than that in the zigzag direction, resulting from the
comparable potential energy change but smaller fracture
strain compared with the zigzag direction. With respect to the
energy release rate, when the crack orientation θ changes, the
variation in the armchair direction is small while the fluctuation in the zigzag direction is very large. Moreover, the influence of the strain rate on the energy release rate can be
neglected. We also verified the applicability of the modified
Griﬃth criterion proposed by Yin et al.27 The results indicate
that this model eﬀectively describes the relationship between
fracture stress and initial crack length. Furthermore, the geometrical factor α is found to almost remain a constant when
the crack orientation is smaller than 45 degree.
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