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ABSTRACT A multiple-time-scale algorithm is developed to numerically simulate certain structural components in civil structures where local defects inevitably exist. Spatially, the size of
local defects is relatively small compared to the structural scale. Different length scales should
be adopted considering the efficiency and computational cost. In the principle of physics, different length scales are stipulated to correspond to different time scales. This concept lays the
foundation of the framework for this multiple-time-scale algorithm. A multiple-time-scale algorithm, which involves different time steps for different regions, while enforcing the compatibility
of displacement, force and stress fields across the interface, is proposed. Furthermore, a defected
beam component is studied as a numerical sample. The structural component is divided into two
regions: a coarse one and a fine one; a micro-defect exists in the fine region and the finite element
sizes of the two regions are diametrically different. Correspondingly, two different time steps are
adopted. With dynamic load applied to the beam, stress and displacement distribution of the defected beam is investigated from the global and local perspectives. The numerical sample reflects
that the proposed algorithm is physically rational and computationally efficient in the potential
damage simulation of civil structures.

KEY WORDS multiple-time-scale algorithm, defected beam, interface, structural component, civil
structures

I. INTRODUCTION
Civil structures such as bridges are constantly weakened during their service life. The deterioration process can be attributed, if not confined, to the existence of local defects in the structures[1–4] .
These defects, emerging during the construction of bridges, can be further developed under dynamic or
cyclic loading, which can be demonstrated by fatigue accumulation, damage evolution and structural
catastrophic failure. Therefore, it would be of significance to investigate the interaction between local
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details and global performance and moreover, to take preventive measure for the maintenance of those
structures.
The finite element strategy has been extensively applied to the field of civil engineering over the past
decades, despite still unknown laws of physics behind it[5–7] . Practically speaking, the finite element
approach serves well as an effective computational tool in the engineering world. However, with the
advent of more accurate defect-detecting techniques, for example, the health monitoring system installed
in newly-built bridges is able to provide astronomical data which are de facto collected in different levels
ranging from micro- to macro- scales[8, 9]. Interpretations of the field data require simultaneous innovation
on finite element methodology. Therefore, the adapted finite element method has been tentatively
employed to simulate the deformation of structures on both the local and the global scales[10, 11] .
This also corresponds to the emerging multi-scale simulation and computation in material science.
More specifically, given that the local defects are much smaller compared to the global structures,
different length scales should be adopted from the perspectives of accuracy and efficiency besides
physical considerations. Since a different length scale is stipulated to correspond to a certain time
scale, multiple time scales are then involved in the same simulation leading to the multiple-time-scale
algorithm proposed in this paper.
Past researches concerning multiple time scale are included in Refs.[12–15], of which a multi-timestep integration method was introduced to the simulation of different subdomains of the mesh[12] .
More multi-time-step integrations have been developed and applied to certain fields such as transient
heat conduction[13] . Established in Refs.[14,15] is a systematic approach for analyzing multiple physical
processes interacting at multiple spatial and temporal scales, and it was further verified in a case of fourpoint bending beam. Nevertheless, literature on multiple time scale simulation that can be potentially
applied in civil structures such as bridges is surprisingly scanty.

II. MULTIPLE-TIME-SCALE ALGORITHM
2.1. Finite Element Approach
Consider a material body that is divided into two regions: a coarse one and a fine one, namely regions
A and B, see Fig.1. That the finite element mesh sizes of the two regions are drastically different calls to
mind that the material body consists of regions A and B. Though presented separately, the two regions
are defined in the same material body.

Fig. 1. Boundary condition connection at the interface.

The finite element approach is employed throughout the simulation. Since different meshes are
adopted in the material body, the global region with coarse mesh size and local region with fine mesh
size are supposed to have independent finite element equations as follows:
A
A
A
α
A
A
Mαβ
Ü α + Cβα
U̇ α + Kβα
U α = GA
βα P + fβ + φβ

(1)
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in which Mαβ
and Mαβ
are the mass matrices, Cβα
and Cβα
represent the damping matrices, Kβα
and
B
A
B
Kβα stand for the stiffness matrices. Gβα and Gβα are the matrices that are related to temperature. fβA
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B
and fβB are the surface tractions, φA
β and φβ can be interpreted as body forces applied to regions A and
B, respectively. Ü α and üα are the representatives of nodal displacements in coarse region A and fine
region B, respectively, along with P α being temperature. Emphasized here is that the superscripts A
and B indicate regions A and B, respectively. In the current algorithm , region A is assumed to be taken
out of the whole material body so that finite element computations are executed independently. How to
enforce the compatibility of displacement, force and stress fields across the interface is the problem that
needs to be addressed here. The proposed connection functions of boundary conditions at the interface
are presented as follows:

ui =

N
X

Nα (i) U α

(α = 1, ..., N )

(3)

(i = 1, ..., n)

(4)

α=1

Fα =

n
X

Nα (i) f i

i=1

in which ui refers to the boundary displacement of the ith node point at the interface. N represents
the number of nodes of each element meshed in region A, i.e. for 8-node element, N = 8. Nα (i) is the
shape function. U α refers to the nodal displacement of element at interface calculated from region A.
F α stands for the nodal forces applied on the N nodes at the interface, and f i represent the nodal
forces calculated from region B at the interface. n stands for the number of node points around the
interface. Subsequently, the displacement boundary condition (3) and force boundary condition (4) not
only link the two regions effectively, but also maintain the independence of computational executions
in the two separate regions.
As the time steps during the iteration can be attributed to the different mesh scales adopted in
regions A and B. two distinct temporal scales ∆T and ∆t are employed to implement the iteration, i.e.
∆T = N ∆t

(5)

That is to say, at the outset, the finite element computation is executed in region A and the displacements of the nodes are thus achieved. Consequently, all the displacements of the node points at the
interface are given by using Eq.(3) and further regarded as a boundary condition for region B, while the
finite element computation continues. After a certain time range N ∆t, all the nodal forces at the interface are determined. The N nodal forces can therefore be achieved through Eq.(4) and are subsequently
taken as a force boundary condition for region A. The time scale in region A is stipulated as ∆T and
the calculation moves one step forward. This completes a computational loop for the whole material body.
2.2. Central Difference Method
The central difference method[7] is employed through numerical simulation. A visual description of
different time steps in the central difference method is presented in Fig.2. tn represents the nth time
step. Note that tE stands for the end time of the iteration.

Fig. 2. Description of time steps in central difference method.

The velocity at the n + 1/2th time step is given as follows
u̇n+1/2 = u̇n + ∆tün /2

(6)

in which u̇n is the velocity from the derivation of displacement at the nth time step, ün is the acceleration.
The nodal displacement at the next time step is then achieved through
un+1 = un + ∆tu̇n+1/2

(7)
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For the temperature field, as indicated both in Eqs.(1) and (2)
P n+1 = P n + ∆tṖ n

(8)

Subsequently, the acceleration at the next step can be approximated as
ün+1 = ün+1 [un+1 , u̇n+1/2 , P n+1 ]
Then the velocity and temperature rate are correspondingly given as

u̇n+1 = u̇n+1/2 + ∆tün+1 2
Ṗ n+1 = B[un+1 , u̇n+1/2 , P n+1 ]

(9)

(10)
(11)

It should be pointed out that in Eqs.(9) and (11), u̇n+1 is replaced by u̇n+1/2 , which is the only
approximation adopted in the central difference method. This approximation does not affect the accuracy
of the simulation, which was already verified in open literature[7] .
The current condition is given as follows:
∆t ≤ ∆tcrit ,

∆tcrit =

2
ωmax

(12)

where ∆tcrit is the critical time step and ωmax is the maximum frequency of the linearized system. The
critical time decreases with mesh refinement and increasing stiffness of the material, which means the
minimum time step adopted in the algorithm should be less then the critical time step ∆tcrit . Otherwise,
the computational result will be dramatically divergent.

III. NUMERICAL SAMPLE
3.1. Case Simplification
The purpose of the developed multiple-time-scale algorithm is to solve certain problems in civil
engineering. Emphasized here is the deterioration of steel bridges extensively built over decades. More
related research work on steel bridges and corresponding failure analysis can be found in Refs.[16–24].
The engineering background is thus focused on the Tsing Ma Bridge spanning two islands in Hong
Kong. It is one of the longest suspension bridges in the world. Displayed in Fig.3 is the aerial view
of Tsing Ma Bridge. Figure 4 presents a scaled down specimen of steel truss that is an important
component of bridge deck in Tsing Ma Bridge. Experiments on this scaled down truss have been carried
out[3] . Simulation of the integral bridge would be tremendous work. Simplification of this problem has
to be done since our chief challenge is to develop a rationally efficient algorithm. Suppose one beam
is taken out of the truss structure, it could be one of those members in the truss. Now we only focus
on this picked beam, and assume a minor defect is located in the middle of this beam, see Fig.5. This
three-dimensional defected beam can be further simplified to a two-dimensional body without losing
generality, compare with Fig.6.
The defect is located right in the middle of the bottom surface. Clamped boundary condition is
imposed on both sides. Dynamic load is applied in the upper surface of the beam. Therefore, both the

Fig. 3. Aerial view of Tsing Ma Bridge.

Fig. 4. Scaled down specimen of steel truss.
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Fig. 5. Three-dimensional beam with minor defect.
Fig. 6. Two-dimensional beam with minor defect.

component and force/displacement boundary conditions are strictly symmetric to keep the problem
succinct and less complicated. The beam is 27.9 m in length and 2.7 m in width. Region A is meshed
into 31 × 3 while region B is meshed into 9 × 9. Therefore, the ratio of mesh sizes for regions B and
A is confined to 1:9. Fine mesh size is adopted to pay extra attention to the details near the defect;
Meanwhile, coarse mesh size is sufficient to satisfy the accuracy for the deformation of global beam,
as is shown by the convergent numerical results during the iteration. Adoption of the same coarse
mesh size for the whole material body would lead to the details of defected element being ignored.
On the other hand, those defects could possibly lead to catastrophic disasters in many engineering
cases. Considerations on the same mesh size employed in the general beam body as fine as those in the
element with defect are also feasible in this case, since only one beam is studied here. However, when
it comes to more complex components or even general large-scale structures such as long span bridges,
this approach would be questionable and inevitably cause a sharp rise of computational cost.
The constitutive equation of isotropic elastic material is adopted to simplify the simulation:
σij = λekk δij + 2µeij

(i, j = 1, 2)

(13)

where σij and eij are stress tensor and strain tensor, respectively. λ and µ are Lame constants, δij is
Kronecker delta, when i = j, δij is equal to 1, otherwise, δij is equal to zero. Refer to Table 1 for the
material parameters of Q235 steel employed in the numerical case. The geometric equations are defined
so that strain could be derived from the displacements achieved.
eij =

1
(ui,j + uj,i ) (i, j = 1, 2)
2

(14)

Table 1. Material parameters for Q235 steel

Young’s modulus( GPA)
206

Poisson’s ratio ν
0.3

Mass density ρ (kg/m 3)
7800

Given that the temperature and dissipation effects are ruled out in the above constitutive equation,
the governing equations for both of the regions are simplified as follows:
A
A
Mαβ
Ü α + Kβα
U α = fβA + φA
β

(15)

B α
B α
Mαβ
ü + Kβα
u = fβB + φB
β

(16)

Note that in Eqs.(15) and (16), the damping and temperature effects are eliminated in the governing
equations.
3.2. Loading History
The applied dynamic load is given as follows, compare with Fig.7 for the loading process.
* t
A (t ≤ 0.75R)
f (t) = R
A (t ≥ 0.75R)

(17)
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Fig. 7. Dynamic load applied on the beam.

where R is the defined time range and A is the load amplitude. Through the loading history, the applied
dynamic force continues to rise until a certain time point is reached, namely, 0.75R. The dynamic force
applied on the defected beam remains constant along the time arrow since 0.75R.
The mesh sizes are spatially different in length. Thus the corresponding time steps are chosen as
follows:
∆T = 400∆t, ∆t = 0.2 × 10−6 s, ∆T = 0.8 × 10−4 s
(18)
The computational time step adopted in region A is 400 times larger than the adopted one in region B,
which also means after 400 steps in region B, computation in region A starts with the interaction of force
boundary conditions. After one step ∆T is completed in region A, the acquired nodal displacements
are back applied to region B as the displacement boundary condition. This interaction at the interface
keeps going until a certain time range is reached.

IV. RESULTS AND DISCUSSION
4.1. Experimental verification
As mentioned above, this modeled defected beam is inspired by the scaled down specimen of truss in
experiment. The static and dynamic responses of the truss with prefabricated crack are performed[3] .
Although the experiment is not specifically designed to verify the results of numerical simulation,
similarities of the two defected beams do have a chance of offering a visual perspective to the stress
distribution around the prefabricated crack. Displayed in Fig.8 is a vivid comparison of the experimental
and numerical results. Presented on the left part is a photoelastic image of the stress distribution near
the prefabricated crack made in the experiment. It also offers a detailed description of stress distribution

Fig. 8. Comparison of experimental and numerical results.
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near the numerically simulated defect on the right part. Note that obvious phenomena of stress concentration are demonstrated around the tip of the defect both experimentally and numerically. Damage
accumulation in this area will possibly lead to the failure of the global structures, which should be
treated carefully. The numerically simulated results are in good agreement with the experimental data,
verifying the multiple-time-scale algorithm proposed.
4.2. Effect of Loading History on the Deformation of Interfaced Beam
Longitudinal displacement and stress σx are commonly adopted to describe the deformation of
beams. Therefore, Figs.9-18 present the longitudinal displacement and stress σx of the defected beam
at different time steps both globally and locally.

Fig. 9. Global longitudinal displacement (t = 14000th , A =
100000 kN).

Fig. 10. Local longitudinal displacement (t = 14000th , A =
100000 kN).

Fig. 11. Global longitudinal displacement (t = 80000th ,
A = 100000 kN).

Fig. 12. Local longitudinal displacement (t = 80000th , A =
100000 kN).

Figure 9 presents the global longitudinal displacement in the two-dimensional defected beam under
an applied dynamic force. The deformation is set to be demonstrated at the 14000th time step. Figure 11
further gives a plot of the longitudinal deformation of the defected beam at the 80000th time step. The
global longitudinal displacement continuously rises with an increase of this dynamic loading history,
as is demonstrated by the labels on the right. As it turned out, the global deformation is strictly
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symmetric. This well corresponds to the symmetry of this numerical case scenario. The maximum
deformation increases from 0.000014 m to 0.0026 m. Compared to the dimensional size of the defected
beam 27.9 m × 2.7 m, the deformation is within a rational range.
Bear in mind more complicated phenomena are involved in the local areas around the defect. Emphasis
should be put on local details of the defect. Displayed in Fig.10 and Fig.12 are the local longitudinal
deformation near the defect. It is clearly shown that the maximum deformation occurs near the edges
of defect. With the increase of loading history, the local deformation will change more appreciably.
Given the continuously unstable loading history in Fig.10, it is understandable that the distribution
of the local deformation is asymmetrical. Moreover, while the applied force reaches a certain value
and consequently remains constant, the local longitudinal displacement in Fig.12 will become clearly
symmetric and stable.
Figures 13-16 show the global and local stress distribution of σx at different time steps. There is a
slight change in the stress distribution globally with the increase of loading history. Nevertheless, the
local details show that what they appear to be globally is deceiving. In order to uncover the deception
over the global scale, Figs.14 and 16 present the plots of local stress distribution near the defect. Stress
concentration is observed near the crack tip and the maximum stress near the tip is reached under 100
MPa. This can lead to further damage accumulation and evolution near the areas while the dynamic
load is constantly applied.

Fig. 13. Global distribution σx (t = 14000th , A = 100000
kN).

Fig. 14. Local distribution σx (t = 14000th , A = 100000
kN).

Fig. 15. Global distribution σx (t = 80000th , A = 100000
kN).

Fig. 16. Local distribution σx (t = 80000th , A = 100000
kN).
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4.3. Effects of Loading Amplitude on the Deformation of Interfaced Beam
In order to investigate the effects of load amplitude on the beam deformation, load amplitude A is
raised from 100000 kN to 600000 kN, the latter six times larger than the original one. Figure 17 shows
that the maximum longitudinal displacement is 0.016 m, nearly six times larger than 0.0026 m. The
stress augmentation turns out to be quite different. The maximum stress in Fig.16 is reached under
700 MPa, seven times larger in quantity compared to the maximum stress 100 MPa while 100000 kN
of load amplitude is applied. This sharp augmentation of stress demonstrates the nonlinear effect in
the local areas around defect, while the global deformation is still in a linear process.

Fig. 17. Global longitudinal displacement (t = 80000th ,
A = 600000 kN).

Fig. 18. Local distribution σx (t = 80000th , A = 600000
kN).

4.4. Comparison of Global and Local Evolution of Interfaced Structural Component
The plots displayed in Figs.9-18 offer the general pictures of the local and global deformation.
Nevertheless, quantitative analysis and comparison on the global and local deformation are necessarily
needed. Therefore, picked points are outlined both in global component and local defect, compared
with Figs.19 and 20. Picked points could be decisive since distribution of displacement and stress is
quite different. Picked point for local stress is right at the tip of defect in which stress concentration
appears. And the picked point for the local displacement is near the edge of the defect where maximum
longitudinal displacement is expected to occur, compare with Fig.20. For the picked points on global
structural component, they are randomly picked over a range area of average deformation, see Fig.19.
Figure 21 presents the comparison of local and global longitudinal displacements of the defected
beam. It should be noticed that the red curve is far below the black curve, which also shows, the local
longitudinal displacement is appreciably greater than the global longitudinal displacement. It turns out
that, with the increase of loading history, the maximum global displacement is no greater than 1.0 mm.
Nevertheless, the maximum local displacement can reach 3.0 mm at the end of the loading history.

Fig. 19. Picked points-global.

Fig. 20. Picked points-local.
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Fig. 22. Comparison of local and global stress.

Displayed in Fig.22 is a comparison of the local and global stresses. It can be observed that the
maximum global stress at the end of the loading history is no greater than 10 MPa, while the maximum
local stress can be reached upon 100 MPa. This sharp comparison is not surprising considering that the
location of picked local point is right around the tip of the defect, where more complex phenomenon
need to be addressed, including damage initiation and accumulation.

V. CONCLUDING REMARKS AND FUTURE WORK
A structure weakened by defects can be pertinent to the design and maintenance of engineering
structures. Defects such as cracks and voids, emerging in the construction of bridges, can increase
in severity under static or dynamic loads and affect the local and/or global structural stability. This
has been demonstrated through the above investigation on a simplified two-dimensional beam case.
These defects can interact with stresses due to load, temperature and environment. The existence of
micro-cracks or flaws caused during the construction of steel bridges cannot be ignored, especially at
the welded joints of steel bridges. Considering the interaction of stress concentration and residual stress
in this area, the local nonlinear response becomes critical under the impact of external loads. This is
one of the important conclusions based on the numerical results. Moreover, it should be noted that the
accumulation of local damage evolution near the defects could potentially contribute to the weakening
of the global mechanical performance and eventually lead to the structural failure.
A multiple-time-scale algorithm has been developed based on the concept of spatial-temporal correspondence. This proposed algorithm is further applied to numerical simulation of a simplified twodimensional defected beam. The damage evolution can be predicted more accurately through this
developed algorithm since the length and time scales adopted are closer to the engineering conditions.
Without going into details, summarized conclusions are presented as follows:
1) Global and local deformation of the defected beam should be distinctly treated. The maximum deformation and stress concentrations occur in the local areas around a defect where damage accumulation
and evolution is highly initiated. More attention should be paid to the local areas.
2) While the global deformation is still in linear scaling, local nonlinearities possibly arise around
the defects. The nonlinear effects need to be addressed.
It should be pointed out that the algorithm developed in this paper can be potentially applied to the
field of civil engineering, though currently confined to a simplified two-dimensional case. More efforts are
still needed to generalize the algorithm that is applicable to three-dimensional and more complex civil
structures used today. Moreover, the two length scales employed here are still in the range of structural
scales. In real case analysis, minor defects are mostly invisible being in the meso-scale. Then Newtonian
mechanics becomes inapplicable through the interface where scale ranges change. The coefficients of
the constitutive relations are also material specific. Dependency of material properties on position and
time has to be taken into consideration in our ongoing and future work.
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