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Abstract The present work is concerned with the
application of Atomistic Field Theory (AFT) in modeling and simulation of dynamic nanocrack propagation under electrical and mechanical loadings. AFT
enables us to express an atomic scale local property
of a multi-element crystalline (which has more than
one kind of atoms in the unit cell) system in terms of
the distortions of lattice cells and the rearrangement
of atoms within the lattice cell, thereby making AFT
suitable to fully reproduce both atomic-scale and continuum level phenomena. Atomistic Field Theory and
its corresponding finite element (FE) implementation
are briefly introduced. Taking both efficiency and accuracy into account, we adopt a cluster-based summation
rule for atomic force calculations in the FE formulations. Single crystal MgO under electrical/mechanical
loading is modeled and simulated. Numerical results
show that electric fields can serve as a tool to shield
the crack initiation and propagation in the ionic crystal
materials, thereby offering new perspectives on fracture mechanics at nano scale.
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Dynamic fracture · Finite element method ·
Electric field · Multi-element crystal
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1 Introduction
Dynamic fracture is a paradigm that calls for concurrent multiscale modeling, since it contains (1) a critical
crack front region that requires fully atomistic resolution to capture the crack initiation and propagation
phenomena and (2) a coarse-graining continuum region
for efficient representation in the far field. Nanoscale
fracture experiments and simulations demonstrate the
potential to probe and exploit the strength of materials
(Belytschko et al. 2002; Khare et al. 2007; Lee et al.
2008; Huang et al. 2009). These studies also point to
the need to understand the mechanisms of formation
and extension of nano-sized cracks in a broad range
of applications (Celarie et al. 2003; Gao et al. 2003;
Ritchie et al. 2004).
The past several years have witnessed the explosive growth of interest in theory and modeling of
microscale, nanoscale and multiscale material behaviors. One of the most popular concurrent multiscale
modeling approaches is to incorporate a hand shaking region between the FE and the MD regions (Abraham et al. 1998; Belytschko and Xiao 2003; Wagner
and Liu 2003; Fish et al. 2007). In these fashions,
the computational power is harnessed, resulting in
an optimum compromise between numerical accuracy
and computational overhead. Generally speaking, however, in all those above-mentioned coupled methods,
the idea is to use a fully atomistic description in the
critical regions and a continuum description in other
regions, thereby resulting in a phonon scattering and
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wave reflection at the interface. Also, the detailed
treatment in the ‘transition region’ or the boundary
between the atomistic and continuum regions is a critical aspect of those approaches. Another popular bottom-up approach is the quasicontinuum (QC) method,
developed by Tadmor et al. (Tadmor et al. 1996) and
extended by Knap and Ortiz (Knap and Ortiz 2001).
In QC method, triangular elements or tetrahedral elements are adopted in 2D or 3D simulations, respectively, thereby leading to a locally-uniform deformation
gradient. Linear interpolation functions in triangular or
tetrahedral elements require only one Gauss point for
numerical quadrature. As a consequence, the application of the Cauchy-Born rule (CBR) implies that in the
energy calculation the summation over the number of
lattice sites boils down to that over the number of finite
elements. Therefore, there is a limitation of QC method
due to the validity of the kinematic assumption of CBR;
in other words, QC method is unable to determine the
state when the non-affine deformation is possible due
to instabilities or inhomogeneities of the underlying
atomic system (Steinmann et al. 2007). From the view
point of practice and efficiency, we have to say that
the Cauchy-Born rule certainly is not appropriate for
materials with multiple atoms in a unit cell.
To circumvent the difficulties mentioned above, an
atomistic field theory has been constructed by Chen and
her co-workers (Chen and Lee 2005; Chen 2006, 2009;
Lee et al. 2009a,b) for concurrent atomistic/continuum modeling of material systems. This paper presents
an application of Atomistic Field Theory to nanosize
dynamic fracture behavior under electrical/mechanical loading. We will investigate the effect of electric
field on the crack propagation in the MgO crystal. To
enhance the computational efficiency, we utilize a cluster-based force calculation rule in the FE formulation.
The organization of the remainder of the paper is as follows: In Sect. 2, we briefly present the atomistic field
theory. By means of virtual work, in Sect. 3 we provide the finite element formulation of AFT. Section 4
contains the numerical example of dynamical fracture
under electrical/mechanical loading. Finally we conclude this paper with a brief summary and discussion
in Sect. 5.
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Fig. 1 Atomistic view of crystal structure

constructed by Chen and her co-workers (Chen and Lee
2005; Chen 2006, 2009) and its corresponding numerical algorithm by Lee et al. (Lee et al. 2009a,b). In contrast with the classical statistical mechanics approaches
or the existing formalisms that link unit-cell variables
to continuum field variables, AFT views a crystalline
material as a continuous collection of lattice cells and
a group of discrete and distinct atoms situated within
each lattice cell as shown in Fig. 1. Thus, a more general
link, shown in Fig. 2, between any phase space function
A(r, p) and the corresponding local density function
a(x, yα, t) was developed by Chen (Chen 2009) as
a(x, yα , t) =

Nl 
Na


A(r, p)δ(Rk − x)δ̃(rkξ − yα )

k=1 ξ =1

(α = 1, 2, 3, · · · , Na )

(1)

where r and p are the positions and momenta of atoms
in the phase space, respectively; the superscript kξ
refers to the ξ th atom in the k th unit cell; Rk is the
position of the mass center of the k th unit cell; rkξ is
the atomic position of the ξ th atom relative to the mass
center of the k th unit cell; x and yα are the corresponding physical space counterparts of Rk and rkα ; Nl is
the total number of unit cells in the system; Na is the
number of atoms in a unit cell.
The time evolution of any physical quantity in the
atomistic field theory can be expressed as:

∂a(x, yα , t) 
 α
∂t
x,y
=

Nl 
Na

•
k
kξ
α
A(r, p)δ(R − x)δ̃(r − y )
k=1 ξ =1

−∇x ·

Nl 
Na


Vk ⊗ A(r, p)δ(Rk − x)δ̃(rkξ − yα )

k=1 ξ =1

2 Atomistic field theory
−∇yα ·

To provide the background for the subsequent developments, we briefly review the Atomistic Field Theory
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Nl 
Na


vkξ ⊗ A(r, p)δ(Rk − x)δ̃(rkξ − yα )

k=1ξ =1

(2)
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When a(x, yα , t) is the local density of a conserved
quantity, Eq. (2) represents the corresponding balance
law.
By means of Eq. (1), the local density quantities,
such as mass density ρ α , linear momentum density
ρ α (v + vα ), internal energy density ρ α eα , and temperature are T α defined as
Nl 
Na


m ξ δ(Rk − x)δ̃(rkξ − yα )

(3)

k=1 ξ =1
α

α

ρ (v + v ) ≡

Nl 
Na


m ξ (Vk + vkξ )δ(Rk − x)

k=1 ξ =1

×δ̃(rkξ − yα )

Nl 
Na 

1 ξ kξ 2
α α
kξ
m (Ṽ ) + U
ρ e ≡
2

(4)

k=1 ξ =1

×δ(Rk − x)δ̃(rkξ − yα )
Tα ≡

V
3k B

Nl 
Na


(5)

m ξ (Ṽkξ )2

k=1 ξ =1

×δ(Rk − x)δ̃(rkξ − yα )

(6)

where Ṽkξ ≡ Vkξ −(v+vξ ) is the difference between
phase space velocity and local physical space velocity; U kξ is the potential energy of kξ th atom; k B is
the Boltzmann constant; V is the volume of a unit
cell.
Following Eq. (2), as exact consequences of
Newton’s second laws, we have the time evolution of
conserved quantities, namely, mass, linear and angular
momenta, and energy, as:
dρ α
+ ρ α ∇x · v + ρ α ∇yα · vα = 0
dt
d
ρ α (v + vα ) = ∇x · tα + ∇yα · τ α + ϕ α
dt
tα + τ α = (tα + τ α )T

k-th unit cell

Rk

x

ρα ≡

R kα

(7)
(8)
(9)

deα
+ ∇x · (−qα ) + ∇yα · (−jα )
dt
= tα : ∇x (v + vα ) + τ α : ∇yα (v + vα ) + h α

ρα

(10)
where ϕ α

is the external force density; tα

and τ α

are the
homogeneous and inhomogeneous parts of the atomic
stress tensor, which further consist of a kinetic part
that is related to temperature, and a potential part that
is related to the interatomic force density; qα and jα
are the homogenous and inhomogeneous parts of heat
flux, which also consist of kinetic and potential parts;
h α is heat source.
From the governing equations (7, 8, 9–10) of AFT,
it is noticed that AFT is a field theory, each material
point x carrying full information about atomic properties. This is the first novelty of AFT theory beyond the
classical continuum mechanics.
Substituting the relationships between the kinetic
stress and temperature as well as that between the
potential stress and the interatomic force density (Lee
et al. 2009a) into Eq. (8), we obtain
λα k B ∇T (x, t)
+ f α (x, t)
ρ α üα (x, t) = −
V
+ϕ α (x, t)
(11)
where
u̇α (x, t) = v + vα , üα (x, t) =
λα = m α /m, and m =

Na


d(v + vα )
,
dt

mα

α=1

The smallest allowable physical volume in AFT is the
volume of a unit cell. The mass density of the α th atom
at x is thus
mα
(12)
ρ α (x, t) =
V (x, t)
where m α is the mass of the α th atom. Using the atomic
mass m α as a material constant and considering that the
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volume of the unit cell V varies during the deformation, the conservation law of mass will be automatically
satisfied. Equation (12) can thus replace the traditional
conservation law of mass.
Consider the body as a material system made of two
regions: continuum region (Nl unit cells) and atomic
region (N atoms), as shown in Fig. 3 (here a 2D picture
is shown for the purpose of illustration). Each unit cell
has Na atoms. For systems with a given temperature
field, the governing equation in these two regions can
be expressed as
Continuum region [α = 1, 2, 3, · · · , Na ]
α α

α
α
α
m ü (x, t) = FtC
(x, t) + FC
(x, t) + C
(x, t) (13)
α
α
where FC (x, t) is the interatomic force; FtC (x, t) is the
α (x, t) is the
interatomic force due to temperature; C

force due to external fields.
Atomic region [β = 1, 2, 3, ..., N ]
β

β

m β üβ (t) = F A (t) +  A (t)
β

(14)

β

where F A (t) and  A (t) are the interatomic force and
external force acting on the β th atom, respectively.
It is seen that, in MD simulation, temperature is not
an independent variable; hence it doesn’t appear in the
governing equations; instead it is calculated as
3N k B T =

N


¯ · (u̇i − u̇)
¯
m i (u̇i − u̇)

(15)

i=1

where u̇¯ is the mass-weighted velocities of a group of
N atoms.
The existence of superscript α in Eq. (13) implies
that the atomic information is naturally built in AFT,
thereby eliminating the mismatch of phonon descriptions in atomic and continuum regions. Therefore AFT
is inherently suitable for multi-element crystals, which
is quite different from the classical continuum field theory and many other multiscale theories.
Define Fξ η [uξ , uη ] as the interatomic force acting
on an atom whose type and position are indicated by ξ
and uξ , respectively:



1 ∂U ξ η
∂U ξ η
Fξ η u ξ , u η = −
−
2 ∂uξ
∂uη
1
(16)
= (Fξ η − Fηξ )
2
where U ξ η is the interatomic potential between the ξ
th atom and η th atom.
For material systems that involve pair atomic interα (x, t) in continuum region and
actions, the force FC
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β

F A (t) in atomic region can be expressed respectively
as (Lee et al. 2009a,b)
α
(x, t) =
FC
(x , t)

×

Na


1
V (x , t)



Fαβ uα (x, t), uβ (x , t) d (x , t)

β=1

+

N


Fαβ [uα (x, t), uβ (t)]

(17)

β=1
β

F A (t) =
(x, t)

×
+

1
V (x, t)

Na

α=1
N


Fβα [uβ (t), uα (x, t)]d (x, t)
Fβα [uβ (t), uα (t)]

(18)

α=1

(x , t)

and (x, t) is the domain associated
where
with the material point x and x, respectively, and
V (x , t) and V (x, t) is the volume of the unit cell
located at x and x, respectively. It is noticed that, in
Eqs. (17) and (18), full-blown nonlocality and atombased constitutive relation are automatically rooted in
the force calculation. Equations (13), (14), and (15)
are invoked to solve the atomic displacement field, and
consequently, atomic-scale properties.

3 Finite element implementation
In order to solve the above-mentioned material system
efficiently and accurately, following the work done by
Knap and Ortiz (Knap and Ortiz 2001) and Eidel and
Stukowski (Eidel and Stukowski 2009), we adopt two
approximations. The first one is a kinematic constraint
aiming at the reduction of degrees of freedom by virtue
of shape functions in finite element (FE) method. The
second one regards to the calculation of nodal forces in
clusters with a specified summation rules. This cluster
summation rules are taken as a compromise between
numerical accuracy and computational efficiency.
The essence of the numerical approach is to reduce
the degrees of freedom by the kinematic constraint.
Some judiciously selected unit cells, called representative unit cells or rep-cells, retain their independent
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Fig. 3 Schematic picture of AFT model with force distributions

degrees of freedom. Each node in FE mesh is a repcell. The nodal displacements together with shape functions are employed to determine a displacement field,
in other words, all other unit cells are forced to follow
the motion of the nodes – this is what we called “kinematic constraint”, which is the practise used in every
FE analysis. The continuous displacement filed uα (x)
is approximated through interpolation with its nodal
values UαI as

Continuum region
1
m α J I ÜαI d (x)
V (x)
−

uα (x) =

α
I (x)U I

(19)

I =1

where I (x) is the shape function; Nd is the number of
nodes in each element. Following the standard procedure of the Galerkin method, the weak form of Eqs. (13)
and (14) can be written as
a
1 
α
α
α
{m α üα − FC
− C
− FtC
} · δuα d
V (x)

N

+

β
{m β üβ − F A

β
−  A } · δuβ

=0

β=1 (x )

(x )d (x)

N


1
V (x)

J

Fαβ [

α
β
I U I , u ]d

(x)

β=1

1
α
(Fα + C
)
V (x) tC

−

α
I UI ,

(x) = 0

Jd

(21)

Atomic region
β

β

m β üβ = F A +  A

(22)

Then the matrix form of Eq. (19) can be obtained as
˜ αJ
(23)
M̃ I J ÜαI = F̃αJ + F̃tαJ + 
where

α=1

N


1
Fαβ [
V (x)

J

β
K (x)U K ]d

−
Nd


Na


1
V (x)

M̃ I J =
(x)

(20)

β=1

After lengthy but straightforward derivations, finally
we have

F̃αJ =
(x)

1
mα
V (x)

1
V (x)

× Fαβ

J

Id

Na

J
β=1 (x )

α
I UI ,

(x)

(24)

1
V (x)

β
K (x)U K

d (x )d (x)
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F̃tαJ =
(x)

˜ αJ


N


1
V (x)

+

=
(x)

J

Fαβ




α
β
I U I , u d (x)

(25)

β=1

1
Fα
V (x) t

Jd

1
α
V (x) C

Jd

+

(x)

(26)

(x)

β=1 (x )


1
Fαβ
V (x)

β
K (x)U K

+

1
V (x)

Np

≈


I p =1

123

wI p



N


wI p

I p =1

J (x j )F

αβ





α
β
I (x j )U I , u

j∈ψ I p β=1

(27)

(x)

Na


Np


β
K (xk )U K

(28)

From the governing equation (23) for the continuum
region, it is noticed that nonlinear, full-blown nonlocality and atom-based constitutive relation are rooted
in the nodal force calculation. In other words, we never
use the classical constitutive relationship (strain-stress
relation) to calculate the nodal force in FE analysis.
From this point, we can say AFT is a nonlocal theory.
This is the second novelty of AFT theory. Since AFT
theory is a fully-nonlocal theory and has no transition
or handshaking region between continuum region and
atomic region, it can avoid the ghost force and spurious
energies at the interface as the fully nonlocal quasicontinuum version of Knap and Oritz does (Knap and Ortiz
2001; Eidel and Stukowski 2009).
All integrals in Eqs. (24), (25), (26), and (27) are normally carried out by numerical quadrature. In Fig. 3, it
is seen that around each node (an open circle), say the
kth node, there is a cluster (a shaded area), named ψk .
From now on, force calculation is no longer performed
at all unit cells in the entire system but in all clusters.
A representative unit cell (a black solid square)
is the

one within one of ψ I p = {l : Xl − X I p  ≤ R I p }.
Notice that there is no overlapping of clusters. Xl is the
position of the l th unit cell and R I p is the radius of
the cluster ψ I p centered at the I p th node. We postulate
that the cluster summation rule reads:
1
F̃αJ =
J (x)
V (x)
×

α
I (x j )U I ,

×

α
I (x)U I ,

d (x )d (x)

N

J

Fαβ



α
β
I UI , u

β=1
Nl 
Na


j∈ψ I p k=1 β=1

J (x j )F

αβ



d (x)

where w I p is the weight of I p th cluster; N p is the number of all nodes. When the clusters shrink to the size of
the rep-cells, i.e. ψ J p = {J p }, it holds I (x J P ) = δ I J p ,
and the cluster summation rule boils down to a nodebased summation rule

FαJ = w J

Nl 
Na


Fαβ [UαJ ,

β
K (xk )U K ]

k=1 β=1

+w J

N


Fαβ [UαJ , uβ ]

(29)

β=1

In this case the weighting factor is n J , which is the number of unit cells represented byJ th node, thus w J =
Nl
j=1 J (x j ). On the other extreme, w J = 1, implies
all pairs of interatomic forces are calculated. In all cases
w I p = Nl holds.
I p j∈ψ I p

Figure 3 shows the numerical procedures to calculate the interatomic force between any two atoms. The
force between any two atoms in the atomic region is
treated exactly the same way as in MD simulation. In
the continuum region the force between any two atoms
in different or same unit cells should be distributed to
all the nodes of the elements, in which the two unit
cells reside. For example, there is a unit cell l located
within cluster ψ p with weighting factor n p and there
is another generic unit cell k; {f kα−lβ , f lβ−kα } represents a pair of interatomic forces acting on the kα th
atom and the lβ th atom, f kα−lβ = −f lβ−kα ; through
shape function k I = I (xk ), force w p k I f kα−lβ
is distributed to the α th atom of node I ; similarly,
w p k J f kα−lβ , w p k K f kα−lβ , and w p k L f kα−lβ are
distributed to the α th atom of nodes J, K ,and L; in the
same way, w p l J f lβ−kα , w p l K f lβ−kα , w p lG f lβ−kα
and w p l H f lβ−kα are distributed to the β th atom of
nodes J, K , G, and H . Let {f mα−η , f η−mα } represent a pair of interatomic forces acting on the mα th
atom in the continuum region and the η th atom in the
atomic region.
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region and continuum region, we have demonstrated
the robustness and stability of our numerical methodology using nodal integration (Wang et al. 2010).
Let us briefly summarize the performed simulation
here. From Fig. 4a and b, it is shown that the 3-D molecular dynamical model and the AFT model (2a × 2a ×
150a) of MgO crystal is subjected to a compressive
impulsive loading along z-direction. It is also noticed
that the resolution in the z-direction between atomic
region and continuum region has a dramatic change
since the size of element is 1a × 1a × 10a. Also
we will investigate the effects of cluster size on our
cluster-based numerical methodology. Figure 4c shows
the responses of Point L2(a, a, 70a) (which is located
behind the interface z = 30a) with three different
cluster weighting factors n min , n mid , and n max under
the compressive impulsive loading with the frequency
ω ≈ 1.6 THz. Here n min = 1 (one has the largest
size of the cluster) represents the simulation with all
pairs of interatomic forces calculated; n max (one has
the smallest size of the cluster) represents the simulation with node-based summation rules; n mid (n min <
n mid < n max ) (one has a reasonable size of the cluster) represents the simulation with cluster summation
rules. In the Fig. 4c, the blue represents the input impulsive loading along z-direction. It is clearly seen that
the results from AFT are in good agreement with that
from MD simulation. Also it is noticed that the wave in
AFT model passes through the atomic-continuum interface with negligible reflection. As expected, the results
with smaller cluster weighting factor are smoother and
closer to those from MD simulation.

Table 1 Short-range interaction parameters for different pairs
in MgO
o

Species

Species

A(eV)

ρ(A)

C

D
o

o

(eV(A)6 )

(eV(A)12 )

O2−

O2−

9547.96

0.2192

32.0

32.0

Mg2+

O2−

1284.38

0.2997

0.00

0.00

Mg2+

Mg2+

0.00000

0.0000

0.00

0.00

4 Simulation results
For ionic MgO crystal having cubic structure with lattice constant a = 0.42nm, the interatomic potential employed here is the combination of the long
range electrostatic Coulomb potential and the short
range Buckingham potential with the material parameters listed in Table 1 (Grimes 1994). The CoulombBuckingham potentials between pairs of two atoms,
Mg − Mg, O − O, Mg − O, are employed as
 ξη
Cξη
qξ qη
r
ξη
ξη
(30)
U = ξ η + A exp − ξ η − ξ η 6
r
ρ
(r )
ξη
ξη
ξη
ξη
where
 A , ρξ , ηand
 C are material constants; r ≡

ξ
η
r  ≡ r − r .

4.1 Validation
In this subsection, through the simulations of a critical phenomenon in concurrent multiscale modeling —
wave propagation across the interface between atomic

0.3
n

min

0.2

n

mid

n

max

0.1

U Z (nm)

Fig. 4 Wave propagation
through the interface
between atomic region and
continuum region. The
computational model of
AFT and MD under a
compressive impulsive
loading are illustrated in (a)
and (b), respectively.
Displacement response of
Point L2 (a, a, 70a) under
the loading with the
frequency ω ≈ 1.6 THz is
shown in (c)

L 2 (a, a,70a)

L1 (a, a,30a )

MD

0

-0.1

-0.2

-0.3

-0.4
0

(a)

(b)

2

(c)

4

6

8

10

12

Time (ps)
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Thus the number of the degrees of freedom involved in
continuum region is about 1% of that if MD simulation
had been adopted. The line crack extends from x = 0
to x = 2.1 nm at z = 0 through y ∈ (0, 0.84 nm);
and the separation of crack surfaces is 0.9 nm. This
means, in order to simulate the crack, two planes of
atoms parallel to the crack surfaces are eliminated from
the tension specimen. The system is assumed to be initially at rest after a long period of relaxation time and
the boundary conditions are set as stress free except
Fig. 5 FE and atomic model of MgO specimen for dynamic
crack propagation

4.2 Crack propagation
In this work, we perform a concurrent atomistic/continuum modelling and simulation of 3D dynamic fracture to show the advantage of AFT. Here we assume
that temperature is at zero degree Kelvin and the simulation is performed in the idealized vacuum condition.
The radius of the cluster used in this work is 0.5 nm and
the time step is 1 femtosecond. A specimen (cf. Fig. 5)
made of MgO (25.2 nm × 0.9 nm × 15.1 nm, 54,048
atoms) consists of two parts: continue region (234 elements and 444 nodes) and atomic region (6216 atoms).

Uz (x, y, ±7.55nm) = ±0.016 t (nm)

(31)
In order to demonstrate the reliability of our simulation
results, we perform a pure MD simulation of the crack
problem. Figure 6 shows the comparison between AFT
and MD simulation results of the crack propagation. It
is noticed that they are in good agreement with each
other.
To investigate the effect of the electric field on crack
initiation and propagation, we have applied several different constant electric fields in addition to the mechanical loading specified in Eq. (30). This means, with
Heaviside-Lorentz system, the external force acting on
α atom is q α E where q α is the charge of α atom and E
is the external electric field. Figure 7 shows the crack
propagation at three different electric fields E z . Our

(a) AFT model

(b) MD model
Fig. 6 Comparison between AFT and MD simulation results in crack propagation: a AFT model; b MD model
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(a) Ez = 0

(b) Ez = 102.8 µV/nm

(c) Ez = 154.3 µV/nm
Fig. 7 Crack propagation in the critical region under three different electric fields Ez

result shows that the crack propagates along the direction of the original line crack self-similarly, in other
words, it propagates along the same crystallographic
planes. This observation agrees with the experimental
studies by Cramer et al. (Cramer et al. 2000). Comparing Fig. 7a, b and c, it is noticed that the higher E z is,
the more delay crack initiation and propagation have,
i.e., the electric field E z has played a shielding role for
the crack initiation and propagation in this case, which
qualitatively confirms the conclusion from the viewpoint of continuum mechanics (Park and Sun 1993;
Zhang 2000; Zhang et al. 2000; Zhang 2002; Zhang
et al. 2002). This phenomenon can be explained in the
following way. From the viewpoint of classical continuum linear fracture mechanics (Zhang et al. 2002),
the energy release rate of the piezoelectric material
depends on two dimensionless parameters p and q,
which are, respectively, the ratio of the minor to the

major semi-axis of the ellipse crack and the ratio of the
dielectric constant of the cavity to the effective dielectric constant of the material. Since the dielectric constant of MgO is several orders of magnitude higher than
vacuum which is considered to be in between crack surfaces, the insulated crack model is considered. Due to
p/q >> 0, the crack in our model can be said to be
semi-electrically impermeable. The energy release rate
decreases with the applied electrical field perpendicular to the crack surface [Eqs. 3.109 and 3.115 in (Zhang
et al. 2002)], indicating that the applied electric field
retards crack growth. However, the energy release rate
is independent of the applied electric field parallel to
the crack surface.
Figure 8 shows the crack speed during the crack
initiation and propagation under three different electrical fields E z . It is seen that after the critical fracture
load is reached, the crack speed jumps from zero to
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Fig. 8 Crack speed during the crack initiation and propagation
under three different electrical field Ez

Fig. 10 Crack opening on L1 under three different electric fields
Ez
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Fig. 9 Crack opening on L1, L2, L3, L4, L5 under zero electric field

a quasi-stable value, indicating that the crack propagation at lower speeds is forbidden. This contradicts
classical continuum fracture theories predicting a continuously increasing crack speed with increasing load
(Buehler et al. 2007). In the case of E z = 0, the crack
approaches a speed of 4.1 km/sec, which is about 75%
of the Rayleigh-wave speed, the limiting speed predicted by continuum theory (Gump et al. 1999).
In order to further study the crack propagation quantitatively, we define a quantity U ≡ Uz (x, 0, z 2 ) −
Uz (x, 0, z 1 ), called crack opening, which indicates the
measure of crack opening along the line crack between
the two specified points (x, 0, z 2 ) and (x, 0, z 1 ) above
and below the line crack, respectively. Here we specify
five sets of these two points:
L1[(2.1nm, 0, 0.84nm), (2.1nm, 0, −0.84nm)],
L2[(3.78nm, 0, 0.84nm), (3.78nm, 0, −0.84nm)],
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L3[(5.46nm, 0, 0.84nm), (5.46nm, 0, −0.84nm)],
L4[(7.14nm, 0, 0.84nm), (7.14nm, 0, −0.84nm)],
L5[(8.82nm, 0, 0.84nm), (8.82nm, 0, −0.84nm)].
Figure 9 shows the process of crack opening at five
different sets of points under no electric field. It is
clearly seen that there exist three distinct stages. In the
first stage, the crack opening is practically zero, which
means there is no crack extension. In the second and
third stages, the crack opens and the crack tip advances,
but at different speeds. Figure 10 shows the crack
propagation under three different electric fields E z on
L1[(2.1nm, 0, 0.84nm), (2.1nm, 0, −0.84nm)] and it
is seen that the electric fields E z slows down the crack
opening process. Figure 11 shows the crack propagation under three different electric fields E y . Figure 12
shows the effect of electric field E y on the open size on
L1[(2.1nm, 0, 0.84nm), (2.1nm, 0, −0.84nm)]. Notice
that the electric field E y almost has no any influence on
the crack initiation and propagation, which is in agreement with the one from the continuum point of view
(Zhang et al. 2002).
In order to show the effect of loading rate on the
steady crack speed, we simulate four different loading
rates under the electric field E z = 0. Table 2 shows
that the steady crack propagation speed has some variations under the different loading rate. In other words,
the crack speed has a dependence on the loading rate.
With the increase of the loading rates, the steady crack
speed has a corresponding increase.
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(a) E y = 0

(b) E y = 51.4 µV/nm

(c) E y = 102.8 µV/nm
Fig. 11 Crack propagation in the critical region under three different electric fields E y
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Fig. 12 Crack opening on L1 under three different electric fields
Ey

Through AFT, we have investigated how the electric
field affects the nanocrack initiation and propagation
in single crystal MgO. Our model is capable of reproducing experimental observations including limitation
of crack propagation speed, crack initiation and propagation. Our studies lead to the insight into the atomistic details of the fracture processes. Numerical results
show that electric fields can serve as a tool to shield
or retard the crack initiation and propagation in ionic
crystals, thereby offering new perspectives on fracture mechanics at nano scale. It is demonstrated that
AFT can provide a more fundamental understanding
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Table 2 Steady crack speed versus loading rates
Loading rates
v(nm/ps)
Steady crack
speed V ( km/s)

0.008

0.012

0.016

0.020

3.87

4.01

4.10

4.47

of dynamic fracture at micro/nano level within a single
theoretical framework.
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