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a b s t r a c t

Here we present a multiscale field theory for modeling and simulation of multi-grain material system
which consists of several different kinds of single crystals and a large number of different kinds of dis-
crete atoms. The theoretical construction of the multiscale field theory is briefly introduced. The inter-
atomic forces are used to formulate the governing equations for the system. A compact tension
specimen made of magnesium oxide is modeled by discrete atoms in front of the crack tip and finite ele-
ments in the far field. Results showing crack propagation through the atomic region are presented.

� 2009 Elsevier Ltd. All rights reserved.

1. Introduction

The term ‘multiscale material modeling’ refers to theory and
simulation of material properties and behavior across length and
time scales from the atomistic to the macroscopic. With the in-
crease in the application of new experimental tools and new mate-
rial synthesis techniques to nano/micro systems, multiscale
material modeling has emerged as a significant approach in com-
putational materials research. Despite widespread interest and ef-
forts, major challenges exist for the simulation of nano/micro scale
systems over a realistic range of time, length, temperature as well
as in multiple physical conditions and environments. In the last
decade, many concurrent multiscale techniques have been devel-
oped. Some of these works will be mentioned and more details
can be found in [1,2].

The Quasicontinuum (QC) method was introduced in [3]. It has
been further developed and used to study a variety of fundamental
aspects of deformation in crystalline solids [4–6]. It is as accurate
as molecular dynamics (MD) simulations, but much faster; and it
is suitable for large-scale static problems. Using a combination of
statistical mechanics and finite element interpolation, the work
in [7] developed a coarse-grained alternative to molecular dynam-
ics for crystalline solids at constant temperature.

The Handshaking method [8–11] is a pioneering work, which
incorporates tight-binding quantum mechanics approximation,
MD, and finite element (FE) continuum model. In this method

there is a ‘‘hand-shake” domain where the MD model and the con-
tinuum model coexist with averaged Hamiltonian. All of the atoms
in the ‘‘hand-shake” domain are in direct correspondence with
nodes of the FE mesh. In the continuum region, all of the FEs are
modeled as linearly elastic and the elastic moduli are chosen to ex-
actly match those of the underlying atomistic model, thus mini-
mizing the mismatch across the interface.

A heterogeneous multiscale method [12–14] has been devel-
oped by E and his co-workers. It is based on the concept that both
the atomistic and the continuum models are formulated in the
form of conservation laws of mass, momentum and energy. The
strategy is to start with a macroscale solver and find the missing
macroscale data such as the constitutive laws and kinetic relation
by performing local simulations of the microscale models con-
strained to be consistent with a local macroscale state of the
system.

The Bridging-domain method makes use of the continuum and
molecular domains which are overlapped in a bridging subdomain,
where the Hamiltonian is taken to be linear combination of the
continuum and molecular Hamiltonian [15,16]. The compatibility
in the bridging domain is enforced by Lagrange multipliers or by
the augmented Lagrangian method. This method is aimed at crys-
talline or amorphous solids. Results show that this method can
avoid spurious wave reflections at the molecular/continuum inter-
face without any additional filtering procedures.

The bridging-scale method concerns with the molecular
displacements that are decomposed into fine and coarse scales
throughout the domain [17]. At the interface between the two
domains, they use a form of the Langevin equation to eliminate
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spurious reflections at the interface. Karpov et al. have developed
coupling methods based on lattice dynamics [18]. In this method,
the spurious reflections at the edge of the molecular model are
eliminated by introducing forces equivalent to the lattice imped-
ance. Proposed in [19] is to combine the bridging-scale method
with the perfectly-matched-layer method to eliminate the spuri-
ous reflections by matching the impedance at the atomistic/contin-
uum interface.

Generally speaking, in all those above-mentioned coupled
methods, the idea is to use a fully atomistic description in one re-
gion of material and a continuum description in other regions. The
detailed treatment of the material in the ‘transition region’ or
boundary between the atomistic and continuum regions is a criti-
cal aspect of such an approach. These methods are reviewed [20]
and noted that a unified and formal theory of the transition region
that allows quantifiable error bounds to be established.

In a series of theoretical papers, a multiscale field theory [21–
27] has been constructed for concurrent atomic–continuum
modeling of materials/systems. Continuous local densities of fun-
damental physical quantities in atomistic systems are derived.
Field description of conservation laws at atomic scale has been for-
mulated. As a result of the formulation, a field representation of
atomic many-body dynamics is obtained. Since the conservation
equations are valid at atomic scale, the field theory can reproduce
time-interval averaged atomic trajectories and can be used to
investigate phenomena and properties that originated at atomic
scale. Since it is a field theory formulated in terms of time-interval
averaged quantities, it is expected to be computationally more effi-
cient than atomic-level MD simulation, and can be applied to sim-
ulate phenomena at larger length and time scales.

2. Multiscale field theory

Crystalline solids are distinguished from other states of matter
by a periodic arrangement of the atoms; such a structure is called
a Bravais lattice. Essentially the regularity displayed by a crystal
lattice is that of a three-dimensional mesh which divides space
into identical parallelepipeds. Imagine that a number of identical
atoms, referred to as a unit cell, are placed at the intersections of
such a mesh; then we have a grain or a single crystal. A number
of different and distinct grains with grain boundaries in between
make a multi-grain material system. In this work, we consider
the grain boundaries are in their amorphous phase and modeled
as a number of different and distinct atoms. The distinct feature
of this multiscale theory is that a single crystal is modeled as a con-
tinuum in which a point represents a unit cell consisting of a spec-
ified number of distinct and different atoms, not just an idealized
mathematical identity. Therefore a multi-grain material system is
considered as a concurrent atomic/continuum material system.
All single crystals (grains) are modeled by the multiscale theory,
a continuum theory, but not just a classical continuum theory in
which a point only has three degrees of freedom.

The key points of this multiscale theory [21–29] are
briefly introduced here. Microscopic dynamic quantities are func-
tions of phase-space coordinates ðr;pÞ, i.e., the positions and
momenta of atoms. Each single crystal is treated as a multi-ele-
ment system; there is more than one atom in the unit cell. There
results

r ¼ fRka ¼ Rk þ Drkaj k ¼ 1;2;3; . . . n; a ¼ 1;2;3; . . . mg
p ¼ fmaVka ¼ maVk þmaDvkaj

k ¼ 1;2;3 . . . n; a ¼ 1;2;3; . . . mg ð1Þ

where the superscript ka refers to the ath atom in the kth unit cell;
ma is the mass of the ath atom; Rka and Vka are the position and
velocity vector of the ka atom, respectively; Rk and Vk are the posi-

tion and velocity of the mass center of the kth unit cell, respectively;
Drka and Dvka are the atomic position and velocity of the ath atom
relative to the mass center of the kth unit cell, respectively; n is the
total number of unit cells in the system; t is the number of atoms in
a unit cell. The local density of any measurable phase-space func-
tion a(r, p) can generally be defined as

Aðx; ya; tÞ ¼
Xn

k¼1

Xm

n¼1

afrðtÞ;pðtÞgdðRk � xÞ~dðDrkn � yaÞ � Aaðx; tÞ

ð2Þ

For example, the mass density and linear momentum density can be
defined as

qa �
Xn

k¼1

Xt

n¼1

madðRk � xÞ~dðDrkn � yaÞ ð3Þ

qaðvþ DvaÞ �
Xn

k¼1

Xt

n¼1

maðVk þ DvkaÞdðRk � xÞ~dðDrkn � yaÞ ð4Þ

The first delta function in Eq. (2) is a localization function that
provides the link between phase space and physical space descrip-
tions. It can be a Dirac d-function used in [30], or a distribution
function used in [31]

dðRk � xÞ ¼ p�3=2l�3e�jR
k�xj=l2 ð5Þ

The second delta function in Eq. (2) is the Kronecker delta,
which identifies ya to Drka. It can be easily proved that the follow-
ing conditions holdZ

XðxÞ
dðRk � xÞ~dðDrka � yaÞd3XðxÞ ¼ 1

ðk ¼ 1;2;3; . . . nÞ ða ¼ 1;2; . . . mÞ ð6Þ

@dðRk � xÞ
@Rk

¼ � @dðR
k � xÞ
@x

;
@dðDrka � yaÞ

@Drka ¼ � @dðDrka � yaÞ
@ya ð7Þ

The derivative of Aa(x, t) with respect to time can be obtained as
[22,24]

@Aa

@t

����
x;ya
¼
Xn

k¼1

ðVka � rRka þ
Fka

ma � rVka Þa
( )

dðRk � xÞ~dðDrka

� yaÞ � rx �
Xn

k¼1

Vk � adðRk � xÞ~dðDrka � yaÞ
( )

�rya �
Xn

k¼1

Dv
ka
�adðRk � xÞ~dðDrka � yaÞ

( )
ð8Þ

When Aa (x, t) a conserved property, Eq. (8) yields a local conserva-
tion law that governs the time evolution of Aa.

Most current MD applications involve systems those are either
in equilibrium or in some time-independent stationary state;
where individual results are subjected to fluctuation; it is the
well-defined averages over sufficiently long time intervals that
are of interest. To smooth out the results and to obtain results close
to experiments, measurements of physical quantities are necessary
to be collected and averaged over finite time duration. Therefore, in
deriving the field description of atomic quantities and balance
equations, it is the time-interval averaged quantities that are used,
and the time-interval averaged (at time t in the interval
[t1 � t � ~t=2; t2 � t þ ~t=2]) local density function takes the form

�Aaðx; tÞ � hAai � 1
~t

Z t2

t1

Aaðx; sÞds ð9Þ

The mathematical representation of conservation equations for
mass, linear momentum and energy at atomic scale in terms of
averaged field quantities can be analytically obtained as illustrated
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in Eq. (8). Concerned with is the ‘one-way coupling’ with tempera-
ture and electromagnetic fields, i.e., the temperature and electro-
magnetic fields are given as functions of space and time. Then the
relevant governing equations are just the balance laws for linear
momentum
@

@t
�qað�vþ D�vaÞ½ � ¼ rx � �ta � �qa�v� ð�vþ D�vaÞ½ � þ rya

� �sa � �qaD�va � ð�vþ D�vaÞ½ � þ hua=Vi ð10Þ

where �ta ¼ �ta
ðkinÞ þ �ta

ðpotÞ, �sa ¼ �sa
ðkinÞ þ �sa

ðpotÞ are the time-interval aver-
aged homogeneous and inhomogeneous atomic stresses, respec-
tively; V is the volume of the unit cell; h�ua=Vi is the body force
density. It is emphasized that the potential parts of the atomic
stresses satisfy the following condition

rx � �ta
ðpotÞ þ rya � �sa

ðpotÞ ¼ hf
a
=Vi ð11Þ

where fa is the interatomic force acting on the ath atom in the unit
cell located at x. The kinetic parts of the atomic stresses are ob-
tained as

�ta
ðkinÞ � �

Xn

k¼1

ma ~Vk � ~VkadðRk � xÞ~dðDrka � yaÞ
* +

;

�sa
ðkinÞ � �

Xn

k¼1

maD~vka � ~VkadðRk � xÞ~dðDrka � yaÞ
* + ð12Þ

where

~Vka � Vka � �v� D�va; ~Vk � Vk � �v; D~vka � Dvka � D�va ð13Þ

The governing equation, (9), can now be rewritten as

�qa €�ua ¼ rx � �ta
ðkinÞ þ rya � �sa

ðkinÞ þ fa
=V

� �
þ ua=Vh i ð14Þ

where �ua is the time-interval averaged displacement of the ath
atom. For a single-element atomic system, the definitions for kinetic
stresses t̂ij and temperature T̂ were given in [32,33]

t̂ij ¼ �
XN

l¼1

m~vl
i
~vl

j

* +,
V̂ ; 3NkBT̂ ¼

XN

l¼1

m~vl
i
~vl

i

* +
ð15Þ

where kB is the Boltzmann constant; V̂ is the volume that the
N atoms occupy. In consistent with the work in [32,33], for multi-
element atomic system, we have

�ta
ðkinÞ ¼ � ma~v� ð~vþ D~vaÞh i=V ; �sa

ðkinÞ ¼ � maD~va � ð~vþ D~vaÞh i=V ;

3kBTa ¼ mað~vþ D~vaÞ � ð~vþ D~vaÞh i
ð16Þ

It is seen that

�ta
ðkinÞ þ �sa

ðkinÞ ¼ � mað~vþ D~vaÞ � ð~vþ D~vaÞh i=V

is symmetric; but neither �ta
ðkinÞ nor�sa

ðkinÞ is symmetric. At tempera-
ture higher than Debye temperature and within harmonic approxi-
mation, all modes have the same energy [34]. This implies

ðt� 1Þ M~v � ~vh i ¼
Xt

a¼1

maD~va � D~va

* +
ð17Þ

where M �
Pt

a¼1ma is the total mass of a unit cell. Eq. (17) implies

�ta
ðkinÞij ¼ �kakBTdij=V ; �sa

ðkinÞij ¼ �ð1� kaÞkBTdij=V ð18Þ

where ka � ma=M. Definition of temperature at nanoscale is still a
debating issue. Here, we follow the classical way to define temper-
ature as a measure of thermal energy over a finite duration and over
a unit cell. Thus, we have Ta ¼ Tðx; tÞandrya � �sa

ðkinÞ ¼ 0. Now the
governing equation, Eq. (14), can be rewritten as

ma €�uaðx; tÞ ¼ �kakBrTðx; tÞ þ �faðx; tÞ þ �uaðx; tÞ ð19Þ

On the other hand, in MD simulation, the governing equation
for any individual atom can be written as

mi €uiðtÞ ¼ f iðtÞ þ uiðtÞ ð20Þ
where mi is the mass of the ith atom, a constant; uiðtÞ; f iðtÞ;uiðtÞ are
the displacement of the ith atom, all the interatomic force and the
body force acting on the ith atom, respectively. It is emphasized that
Eq. (19) is the governing equation for the displacement field, �uaðx; tÞ
[a = 1,2,3,. . .,t], while Eq. (20) is the governing equations (ordinary
differential equations in time) for ui(t) [i = 1, 2, 3,. . .,Na], where Na is
the number of all atoms in the material system. It is also noticed
that temperature is not an independent variable in MD simulation;
therefore it doesn’t appear in the governing equations; instead it is
calculated as

3NkBT ¼
XN

i¼1

mi~vi � ~vi

* +
¼

XN

i¼1

mið _ui � _�uiÞ � ð _ui � _�uiÞ
* +

ð21Þ

Of course, in calculating the temperature, both the time interval
~t and the number of atoms N have to be large enough to ensure the
statistical meaning.

3. Finite element formulation

Consider the case of zero absolute temperature, i.e., T ¼ 0�K.
Practically speaking this approximation means either we consider
a low temperature scenario or we neglect the thermal-mechanical
coupling. However, mathematically it implies _�ui ¼ _ui and hence
there is no need to distinguish the instantaneous value of a vari-
able from its time-interval averaged value. Therefore, from now
on, if there is no ambiguity, we drop the bar on top of every
time-interval averaged quantity.

Consider that the specimen is a multi-grain material system
made of two regions, continuum region and atomic region, as
shown in Fig. 1. In the continuum region, there are several different
kinds of single crystals (grains). Each single crystal is divided into
identical parallelepipeds – unit cells. Each unit cell is made of a
specified number of distinct atoms. Irregular FE meshes are used,
in which each node is a unit cell. To emphasize it graphically, the
atoms in the nodes are shown in color; different color represents
different kind of atoms. In the atomic region, there are many differ-
ent and distinct atoms as indicated by different colors. The contin-
uum region and the atomic region are used to model the material
in its crystalline phase and amorphous phase, respectively. It is no-
ticed that this material system is more general than a polycrystal-
line material system, in which all single crystals are same in
material but different in size and orientations; also more general
than nanoscale devices, which are usually constructed as a layered
structure without discrete atoms between layers. In Fig. 2, we see
three circles around one atom and two nodes of different grains.
The shaded area indicates a Cutoff region within which all the
atomistic interactions have to be counted. It is seen that the atoms
in one grain may have atomistic interaction with atoms in another
grains as well as in the atomic region.

In the continuum region, there are Ng non-overlapping distinct
single crystals; each may be referred to as a grain. The atomic re-
gion is employed to model the grain boundary, which is considered
as in its amorphous phase. In the atomic region, there are Na dis-
crete atoms. For the Kth single crystal (grain), each unit cell has
t(K) atoms; the type of atom is denoted by c(a, K)[a =
1,2,3,. . .,t(K), K = 1,2,3,. . .,Ng]. For the grain boundary (in amor-
phous phase), there are Na atoms; the type of atom is denoted by
c(i)[i = 1,2,3,. . .,Na].The governing equations in these two regions
may be expressed as:

Continuum region [a = 1,2,3,. . .,t(K), K = 1,2,3,.. . ..,Ng]

mcða;KÞ€uaðx; tÞ ¼ faðx; tÞ þ uaðx; tÞ ð22Þ

J.D. Lee et al. / Theoretical and Applied Fracture Mechanics 51 (2009) 33–40 35
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where mc is the mass of the c-type atom; the displacement ua(x, t),
atomic force fa(x, t), and body force due to external field ua(x, t) are
all field variables. The superscript a indicates that for each point in
space-time there are t(K) atoms and hence there are 3t(K) degrees
of freedom.

Atomic region [i = 1,2,3,. . .,Na]

mcðiÞ€uiðtÞ ¼ f iðtÞ þ uiðtÞ ð23Þ

where c(i) refers to the type of the ith atom whose mass is denoted
by mc(i). Opposite to their counter parts in the continuum region,
ui(t), fi(t), and ui(t) are discrete variables.

Define fng[un, ug] as the interatomic force acting on an atom
whose type and position are indicated by n and un, respectively,
by an atom whose type and position are indicated by g and ug,
respectively. The interatomic force in the Kth grain can now be ex-
pressed as

faðx;t;KÞ

¼
XNa

j¼1

fcða;KÞcðjÞ uaðx;t;KÞ;ujðtÞ
� �

þ
XNg

L¼1

Z
XLðx0 ;tÞ

1
Vðx0;t;LÞ

XtðLÞ
b¼1

fcða;KÞcðb;LÞ uaðx;t;KÞ;ubðx0;t;LÞ
� �

dXLðx0;tÞ

ð24Þ

where XL stands for the region of the Lth grain; dXL is the differen-
tial volume in the Lth grain. The interatomic force in the atomic re-
gion can be expressed as

f iðtÞ ¼
XNa

j¼1

fcðiÞcðjÞ uiðtÞ;ujðtÞ
� �

þ
XNg

L¼1

Z
XLðx0 ;tÞ

1
Vðx0; t; LÞ

�
XtðLÞ
b¼1

fcðiÞcðb;LÞ uiðtÞ;ubðx0; t; LÞ
� �

dXLðx0; tÞ ð25Þ

Henceforth, use the following notations

ui ¼ uiðtÞ; uaðKÞ ¼ uaðx; t; KÞ; ubðx0; LÞ ¼ ubðx0; t; LÞZ
XK

A
dXK

V
¼
Z

XK ðx;tÞ
Aðx; t; KÞ dXKðx; tÞ

Vðx; tÞ ð26Þ
Z

XLðx0Þ
Aðx0ÞdXLðx0Þ

Vðx0Þ ¼
Z

XLðx0 ;tÞ
Aðx0; t; LÞdXLðx0; tÞ

Vðx0; tÞ

Employ the pair potential for interatomic force

A � jjAjj; ~A � A=A ð27Þ

In other words, A is any non-zero vector; A is the length of the
vector; ~A is a unit vector in the direction of A. Therefore
~A is parallel toA and A ¼ A~A. Now the interatomic forces in Eqs.
(24) and (25) can be expressed as

fcða;KÞcðiÞ uaðx; t; KÞ;uiðtÞ
� �

¼ f rcða;KÞcðiÞ; cða;KÞ; cðiÞ
� �

~rcða;KÞcðiÞ

rcða;KÞcðiÞ � fxþ ya;K þ uaðx; t; KÞg � fxi þ uiðtÞg
ð28Þ

fcða;KÞcðb;LÞ uaðx;t;KÞ;ubðx0;t;LÞ
� �

¼ f rcða;KÞcðb;LÞ;cða;KÞ;cðb;LÞ
� �

~rcða;KÞcðb;LÞ

rcða;KÞcðb;LÞ ¼ fxþya;K þuaðx;t;KÞg�fx0 þyb;Lþubðx0;t;LÞg
ð29Þ

Fig. 1. Schematic diagram of multi-grain material system including crystal lattices, finite element meshes and nodes, and randomly distributed distinct atoms.

Fig. 2. Schematic diagram of multi-grain material system showing three represen-
tative Cutoff regions.

36 J.D. Lee et al. / Theoretical and Applied Fracture Mechanics 51 (2009) 33–40
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fcðiÞcðjÞ uiðtÞ;ujðtÞ
� �

¼ f rcðiÞcðjÞ; cðiÞ; cðjÞ
� �

~rcðiÞcðjÞ

rcðiÞcðjÞ ¼ fxi þ uiðtÞg � fxj þ ujðtÞg
ð30Þ

fcðiÞcðb;LÞ uiðtÞ;ubðx0; t; LÞ
� �

¼ f rcðiÞcðb;LÞ; cðiÞ; cðb; LÞ
� �

~rcðiÞcðb;LÞ

rcðiÞcðb;LÞ ¼ fxi þ uiðtÞg � fx0 þ yb;L þ ubðx0; t; LÞg
ð31Þ

For the pair potential, the interatomic force is parallel to the rel-
ative positions of the two atoms involved and the magnitude is a
function of the types of the two atoms and the distance in between.

Now the weak form, based on Eqs. (22) and (23), it can be
shown that

XNg

K¼1

Z
XK

XtðKÞ
a¼1

1
V
fmcða;KÞ€uaðKÞ � fa � uag � duaðKÞdXK

þ
XNa

i¼1

fmcðiÞ€ui � f i � uig � dui ¼ 0 ð32Þ

By using Eqs. (24) and (25), it can be further shown that

XNg

K¼1

XtðKÞ
a¼1

Z
XK

(
mcða;KÞ€uaðKÞ � duaðKÞ

�
XNg

L¼1

XtðLÞ
b¼1

Z
XLðx0Þ

fcða;KÞcðb;LÞ½uaðKÞ;ubðx0; LÞ� � duaðKÞ dXLðx0Þ
Vðx0Þ

�
XNa

i¼1

fcða;KÞcðiÞ½uaðKÞ;ui� � duaðKÞ

�
XNa

i¼1

fcðiÞcða;KÞ½ui;uaðKÞ� � dui � ua � duaðKÞ
)

dXK

V

þ
XNa

i¼1

mcðiÞ€ui �
XNa

j¼1

fcðiÞcðjÞ½ui;uj� � ui

( )
� dui ¼ 0 ð33Þ

where duaðKÞ,duaðx; t; KÞ is the virtual displacement at time t of
the ath atom in the unit cell embedded at x which belongs to the
Kth grain and dui is the virtual displacement of the ith atom in
the atomic region. Suppose, for the Kth grain in the continuum re-
gion, the finite element mesh of the specimen has Np(K) nodes,
Ne(K) 8-node 3-D brick-type elements, each with eight Gauss points
and the displacement field can be approximated as

uaðxÞ ¼
X8

n¼1

UnðxÞUInðxÞa; duaðxÞ ¼
X8

n¼1

UnðxÞdUInðxÞa ð34Þ

where UIna anddUIna are the corresponding nodal values of ua and
dua; Un(x) are the shape functions. It is also noticed that

fcða;KÞcðb;LÞ uaðKÞ;ubðx0; LÞ
� �

¼ �fcðb;LÞcða;KÞ ubðx0; LÞ;uaðKÞ
� �

fcða;KÞcðiÞ uaðKÞ;ui
� �

¼ �fcðiÞcða;KÞ ui;uaðKÞ
� � ð35Þ

which will be utilized to ensure that the summation of interatomic
force is vanishing. Then the weak form, Eq. (33), can be rewritten as
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XtðKÞ
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Z
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(
UnUg
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Z
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�
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UgðxÞdUIga � fcða;KÞcðiÞ uaðKÞ;ui
� �

�UgðxÞdUIga � ua

)
dXK

V

þ
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i¼1

dui � mcðiÞ€ui �
XNa

j¼1

fcðiÞcðjÞ ui;uj
� �

�
XNa
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ui

(

þ
XNg

K¼1

XtðKÞ
a¼1

Z
XK

fcða;KÞcðiÞ uaðKÞ;ui
� �dXK

V

)
¼ 0 ð36Þ

Denote

Ig � IJKðK; Ie;gÞ; Jg � IJKðx0;gÞ ð37Þ

where IJK stands for the connectivity of the finite element mesh. In
other words, Ig is the node number of the gth node of the Ieth ele-
ment in the Kth grain, and Jg is the node number of the gth node of
the element in the Lth grain in which x0 is located. In this work, we
are using full order integration, i.e.,Z

XK

AðxÞdXK

V
¼
XNeðKÞ

Ie¼1

X8

g¼1

AðIe; gÞNðIe; gÞ ð38Þ

where N(Ie, g) � J(Ie, g)/V(Ie, g) is the number of unit cells that the
gth Gauss point of the Ieth element in the Kth grain represents
and it is noticed that this number is constant in time. This is essen-
tially the way to indicate that mass is conserved. Now, each integral
term in Eq. (36) can be further derived to be

XNg

K¼1

XtðKÞ
a¼1

Z
XK

UnUgmcða;KÞ dXK

V
€UIna � dUIga

	
XNg

K¼1

XtðKÞ
a¼1

XNeðKÞ

Ie¼1

X8

g¼1

UnðIe; gÞUgðIe; gÞNðIe; gÞmcða;KÞ� �
€UIna � dUIga

ð39Þ

Fig. 3. The compact tension specimen: (a) finite element mesh with an atomic region (b) atoms in the atomic region (c) displacement (uz) distribution on deformed shape.
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Ie¼1

X8
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UgðIe; gÞNðIe; gÞuaðIe; gÞ � dUIga ð42Þ

In the same pattern, one may like to make the following
approximation
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XNa

i¼1
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� �n o
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However this term represents the atomistic interaction be-
tween the grains in the continuum region and the discrete atoms
in the atomic region, we don’t want to make such approximation
and hence the interactions at the boundaries are fully counted.
There is no need for any ‘‘transition zone” or any special treatment.
The upgraded treatment is reflected later in Eqs. (44) and (45).

Because Eq. (36) has to be valid for any arbitrary virtual dis-
placement dUIb and dui, where I 2 f1;

PNg
K¼1NpðKÞg, be{1, t(K)},

ie{1, Na}, it leads to the following governing equations for nodal
displacements and atomic displacements:

Continuum Region K ¼ 1;2;3; . . . ;Ng; I ¼ 1;2;3; . . . ;
PNg

K¼1NpðKÞ;
and b ¼ 1;2;3; . . . ; tðKÞ
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ð45Þ

where ~d is the Kronecker delta. It is emphasized that Eqs. (44) and
(45) are the FE formulation of this multiscale field theory. Note that

Fig. 4. Atomistic details of dynamic crack propagation.
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involved in Eqs. (44) and (45) are the FE mesh with
PNg

K¼1NeðKÞ ele-
ments, the eight Gauss points per element, the shape functions
Ug(Ie, g), the integration over X(x0), and the interatomic force
fc1c2 . It should also be emphasized that fc1c2 is calculated exactly
the same way as in MD simulation.

It is noticed that the corresponding mass matrix mc(b,K)Ug(Ie,
g)Un(Ie, g)N(Ie, g) in Eq. (39) obtained from all Gauss points in all
elements is symmetric but not diagonal. This is referred to as the
distributed mass system. For the sake of dramatically reducing
the computational effort, one would like to have a diagonal mass
matrix, which is referred to as the lumped mass system. To do
so, we let the eight Gauss points move toward their corresponding
nodal points. In other words, let

UnðIe; gÞ ! dng ð46Þ

By doing so, not only we end up with a lumped mass system,
but also we convert the numerical implementation from Gauss
integration to nodal integration if we choose to apply Eq. (46) to
all other terms in Eqs. (44) and (45).

It is seen that Eqs. (44) and (45) are coupled sets of
3
PNg

K¼1tðKÞNpðKÞ and 3Na second order ordinary differential equa-
tions, which can be readily solved by the central difference meth-
od. We have developed a computer software, named as MFT, which
is based on the Multiscale Field Theory and the above-mentioned
finite element formulation.

The idea of the finite element analysis of this multiscale theory
can be further elaborated as follows. From Eq. (38), it is seen that
we may further approximate the integral over the entire space
X(x) by the Gauss quadrature

Z
XðxÞ

AðxÞ dXðxÞ
VðxÞ 	

XNeðKÞ

Ie¼1

X8

g¼1

AðIe; gÞNðIe; gÞ ð47Þ

If one employs nodal integration in lieu of Gauss integration,
then Eq. (47) can be rewritten as

Z
XðxÞ

AðxÞ dXðxÞ
VðxÞ 	

XNp

Ip¼1

AðIpÞNðIpÞ ð48Þ

where A(Ip) is the integrand evaluated at Ipth node; Np is the total
number of FE nodes of the entire specimen; N(Ip) is the weight of
Ipth node, which is equal to the number of unit cells that Ipth node
represents. It is worthwhile to note that all unit cells, hence all the
atoms, in the specimen are represented by the FE nodes and each
node is weighted according to the number of unit cells that it
represents; all the nodes have interactions with all the atoms
within their Cutoff regions. If one would like to have the whole spec-
imen covered by overlapping Cutoff regions and also prefer to use
large-size elements, one may use higher order Gauss integration
of which the needed positions and weighting coefficients are given
in [35].

4. Sample problem

We now present a sample problem to demonstrate the advan-
tage and applicability of this multiscale field theory. Atomic units
are used [28]. In this work, the material considered is MgO, a rock-
salt-type crystal. Each unit cell has eight atoms: four Magnesium
and four Oxygen. The Coulomb–Buckingham potentials between
pairs of two atoms, Mg–Mg, O–O, Mg–O, are employed

Vng ¼ eneg

rng þ Ange�rng=Bng � Cng=ðrngÞ6 ð49Þ

where Ang, Bng, and Cng are material constants; rng � jjrngjj
� jjrn � rgjj. The interatomic forces can be obtained as

fðn;gÞ¼�@Vng

@rn
¼�@Vng

@rng

rng

rng ¼
eneg

ðrngÞ3
þ Ang

Bngrng
e�rng=Bng �6

Cng

ðrngÞ8

( )
rng

fðg;nÞ¼�@Vng

@rg ¼�fðn;gÞ

ð50Þ

The material constants used in this work are given in [28].
A compact tension specimen is shown in Fig. 3a. Discrete atoms

are used in the crack-tip region as shown in Fig. 3a and Fig. 3b,
while the material in the far field is modeled as a single crystal
by the multiscale theory. The specimen occupies the space:
�50a 6 x 6 50a; 0 6 y 6 2a; �70a 6 z 6 70a. There are 42,756 unit
cells (3,42,048 atoms) in the whole specimen, while 300 unit cells
are in the crack-tip regions, modeled as 2400 distinct atoms. The
lattice constant of MgO is a = 7.937 Bohr. The line crack extends
from x =�50a to x =�6a at z = 0 through y e [0, 2a]; and the sepa-
ration of crack surfaces is 3a. This means, in order to simulate the
crack, two planes of atoms parallel to the crack surfaces are elim-
inated from the compact tension specimen. The FE mesh has 108 8-
node elements and 280 nodes. The atomic region has 2400 discrete
atoms. In this analysis, we use Dt = 40 so, 16,000 number of time
steps, and total time Tf = 6,40,000 so = 15.47 pico seconds. The sys-
tem is assumed to be initially at rest after a period of relaxation
time and the boundary conditions are set as stress free except at

ua
z ð�50a; y; z; tÞ ¼ 5:25� 10�5at=so ð51Þ

The displacement of a unit cell is defined as

u �
X8

a¼1

kaua ð52Þ

The displacement uz at t = 6,40, 000 so is displayed on deformed
shape in Fig. 3c. The atoms in the crack-tip at various times are
shown in Fig. 4, from which the process of dynamic crack propaga-
tion is clearly demonstrated. Our result shows that the crack prop-
agates along the direction of the original line crack self-similarly, in
other words, it propagates along the same crystallographic planes.
This observation agrees with experimental studies in [36]. This is
mainly because MgO is in the cubic phase and this specimen and
the loading condition have a nearly perfect mirror symmetry with
respect to the y–z plane. We also observe that the formation of sec-
ondary cracks in front of the primary crack. Similar phenomena in
silicon have been reported in [37].

5. Conclusions

A multiscale field theory is introduced with the governing equa-
tions for multi-grain material system [21–25]. Although the multi-
scale theory is on the same physical foundation as MD simulation,
we constructed a continuum theory, which is the field representa-
tion of atomistic N – body dynamics. Here, the term ‘multi-grain
material system’ refers to a material system, which is made of
more than one kind of grain and discrete atoms. Each grain is a
‘multi-element system’ which is made of more than one kind of
chemical element. Therefore, in our multiscale theory, each point
in the field represents one unit cell, which is made of several differ-
ent and distinct atoms. For example, there are five atoms {one Bis-
muth, one Scadium, three Oxygen} in a unit cell of BiScO3 and eight
atoms {four Magnesium, four Oxygen} in a unit cell of MgO.

The balance law of linear momentum is used to formulate the
dynamic equations of multi-grain material system. For each FE
node in the Kth grain, there are 3t(K) displacements and t(K) is
the number of atoms in the unit cell, for example, t = 5 for BiScO3

and t = 8 for MgO. It is noticed that t = 1 only in classical contin-
uum theory. Also, even at the continuum level, in the FE analysis,
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the nodal forces are calculated through the use of interatomic
potentials between different pairs of atoms. It is worthwhile to
note that our formulation and analysis are dynamic, non-linear,
and non-local. More importantly, in our computer software, the
finest FE mesh one can use is equivalent to the crystal lattice, in
other words, the smallest FE element size is equal to the lattice
constant.

The irregular FE meshes are used for discrete atoms, for the
study of dynamic crack propagation problem. It is natural to em-
ploy discrete atoms in the crack-tip region, large-sized elements
in the far field, and small-sized elements between the two. It is no-
ticed that from Fig. 3a, at the boundary between continuum region
and atomic region, the FE mesh size does not need to match the lat-
tice constant if one chooses not to. Also, there is no need for ‘bridg-
ing’ or ‘transition’ regions.
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